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 The space F of  all  real functi ons on the real l i ne 

 f: x Ñ > y =f (x) is obdurate to universal structures. Normall y 

one selects certain "tame" sub-spaces, the di f ferentiable or 

conti nuous functi ons, measurable functions, Sobelev spaces, and 

so on. 

 In this exercise I  wi l l  be proposi ng a way of  associati ng a 

"transf ini te index" to every poi nt (x, f (x)) on the graph of  a very 

general sub-space of  F which is capable of  bei ng extended w i th 

l i t t l e di f f icul ty to most of  the other elements of  F. The useful  

employment, however, of  this method l ies primari l y i n the analysis 

of  places where the functi ons of  F become unbounded.   

     The f irst restriction of  F   is to a space F+0, defined as fol lows: 

    (a) The domain of  f  !  F+0 is the complete non-negati ve x-axis, 

R0
+:0 ! x < "  

    (b) The range of  f  is a subset of  the non-negati ve y-axis  

   (c) For all  f  i n F+0    , f  (0) = 0 

        I t is di f f icul t to imagi ne that one coul d f i nd any universal 

structures in such a vast space. Certai nly topol ogies, tubular 

nei ghborhoods, algebra, mani fol d structures, composi ti on 

i denti t i es are hard to come by.  

   Of course,  f ,g ! F0
+ " f (g) ! F0

+  , but this is not much to go 

on. However, a simple transformation puts the functions of  F+0 

i nto a 1-1 correspondence w i th a subspace B, w hose functions 
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i ncorporate a natural  dynamical  system that embodies structural  

i nformation: 

 Defini t i on:  The reducti ve operator L over F+0   is defined by:  

!  

L( f ) = x
f

(1+ f )
=" (x) 

Properties of  L : 

    (i ) "  (x) is defined at every poi nt of  the domain of  f  

 (i i ) "  (x) <x for all  x > 0 

 (i i i ) I f  f  is unbounded at some poi nt t >0 - that is to say, 

arbi trary large values of  f are found i n any neighborhood of  t, then 

there are correspondi ngly, poi nts of  "  (x) i n the neighborhood of  t 

arbi trari l y close to the f ixed poi nt axis, I (y=x) .  

     (i v) L is inverti ble.  

  (a) A t x=0, both f  and "  = 0 

 

                         (b) For x >0, one easi l y f i nds the inverse sol ution 

    The appl icati on of  the operator L to the space F+0 produces a 

functi on space B characterized by the above l ist of  properties.  

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  

 Let "  be an element in B. Then, clearl y  

          x > " (x) >" (" (x))>...   >" (n) (x)  

    Theorem:  
  For given x, "  !   B, the i terati ve l imi t lim

n! "
# (n) (x) 

always exists = #  � 0.  

  Observe that f rom the 3 symbols for somewhat di f ferent versions 

of  inf ini ty, (�, �, Aleph0) the ordi nal  symbol  � is selected. 
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 The theorem is all  but sel f  evi dent, because all  members of  B 

are monotonical l y descendi ng and bounded from below by 0. 

Observe also that i f  #  > 0, then the val ue of  " (#) at # is not # i tsel f  

but must drop dow n to a lower value, x' < #. In other words, the 

orbi t of  " (x)  moves to a poi nt on the f i xed poi nt axis I , but "   drops 

dow n at that poi nt to some other value.  

 If  xÕ= 0, the i terati ve process comes to a hal t. Such a val ue for  

"  (�) corresponds to a zero in the associated function i n F+0   ,  

! (x) =
"

x # "
   

 I t w i l l  not be of  interest to us, in terms of  the structures we are 

exami ni ng, for there to be 0's in ei ther of  these two f unctions except 

at the origi n.  
 Defini t i on:  If  lim

n! "
# (n) (x) = $ we wri te  ! (" )(x) = #  

A l though $  is the f irst countable ordinal  this notation can clearly 

be extended to al l  countable ordi nals.  

 Defini t i on:   Let % be any transf ini te countable ordi nal . Then 
we wri te:lim

n! "
# (n) (x) = # (" )(x),  where n runs through al l  f i ni te 

and countable ordi nals up to and i ncludi ng � .  

 Theorem: This notation is consistent and f ree from 

contradiction. Proof by transf i ni te induction.  

 Theorem: Let "  !   B*. For any x !   R+, there is a transf i ni te 

ordi nal  & (x, " ), such that  ! (" (x,! )(x) = 0 

    Informall y: i f  the i terati ve system moves to an attractor  #, and the 

val ue of  " (#) is less than #, one can conti nue to appl y "  to # , 

movi ng to the next attractor   ,  #1 = " ($ )(#) , " ($ )(#1) <#1  .  
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    This process can be repeated i ndefini tely; as long as the system 

hasn't yet arrived at 0, a descendi ng chain of  attractors is set up, 

w hich cannot come to a hal t at any l i mi t poi nt greater than 0. 

 By Zermelo's Wel l -Orderi ng Theorem this descendi ng chai n 

must eventual l y arrive at 0 in a number of  steps given by some 

ordi nal  &.  

 Theorem: There exists a minimal  countable ordi nal  i (x, "  ), 

such that ! (i(x,! )) (x) = 0 . 

  That such an ordi nal  exists fol lows from the Wel l -

Orderi ng Theorem. That i t must be countable can be seen from the 

Lesbesgue Integral Theorem. The intervals between successive 

attractors must have some posi t i ve length, but the sum of  

uncountably many posi t i ve lengths cannot be equal  to the f ini te 

length [0,x] 

  We w i l l  cal l  the number i  the ordi nal  i ndex of  x in "  . 

 Theorem: The ordi nal  i ndex of  any function i n B* is always a  

countable transf ini te ordi nal  w i thout f ini te  part. 

 Si nce there are no zeros of  "  save at the origi n, no f ini te 

i teration from any poi nt x > 0 can reach 0.   

 Next, let '  be any functi on of  F+0. If  '  is bounded i n any 

f ini te sub-i nterval  of  R+, then L'  = (   w i l l  be bounded away from 

the f ixed poi nt axis in such a way that i t w i l l  hol d no attractors 

other than 0. In this case there w i l l  be only one ordi nal  i ndex for all  

posi t i ve poi nts of  the domain, namely $ .  

 In particular, i f  '  is already a member of  B*, then L'  w i l l  be 

reduced to a function w hose poi nts all  have the "defaul t" i ndex $ .    
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 This suggests a further restriction on the space of  all  

functi ons, to a space F', of  functi ons which have some unbounded 

val ues i n the f ini te part of  thei r range. The correspondence all ows 

us to associate the transf ini te ordi nal  structure of  the functions i n 
B* w i th the unbounded poi nts of  the functi ons in F' .  This 

provi des structural  information at these poi nts that may not be 

apparent   w i th functi ons i n FÕ. 

 For example, one sees that the graphs of  functions i n B* w i l l , 

i n general, have l imi t poi nts on the f i xed poi nt axis I , of  two types: 

topological  l imi t poi nts and i terati ve l imi t poi nts. The topol ogical  

poi nts are not the endpoi nts of  any dynamical  orbi t, but are simply 

l imi t poi nts of  the 2-D set of  poi nts (x, " (x)). 

   This disti nction between orbi t end poi nts and topological  l imi t 

poi nts is not apparent in the structure of  the unbounded poi nts of  

the correspondi ng function i n F' , but is revealed w hen movi ng to 

B* . 

 Furthermore, every attractor w i l l  have orbi ts of  various 

countable transf ini te ordi nals associated w i th i t. This i ndexi ng of  

attractors in accordance w i th ordi nals cannot be seen i n F, but is 

revealed under the transformation L.  

   Thus, L behaves somewhat l i ke a Fourier Transform that reveals 

the structure of  a given functi on i n terms of  i ts harmonics. 
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A  Model from Number Theory 
 If one restricts the functions  of  B to those whose i terates on 

the domain of  rational  numbers Q converge to rationals, then al l  of  

the above consi derations w i l l  appl y i f  the domain R+0 , is replaced 

by the domain Q+0 of  posi t i ve rational  numbers.  

    Let r be a posi ti ve rational . I t can be wri tten as a fraction i n 

lowest terms, r = p/q, p , q i ntegers. Let P stand for the "numerator 

functi on" 

P(r) = P(p,q) = p , ( r =p/q !  Q+0 ) 

P has the fol low i ng properties: 

    (1) P  associates a uni que i nteger w i th every rational  r 

     (2) P is "loosely monotonic" in the fol l ow i ng sense: If r > n, 

w here n is some integer, then P(r) >  n . The converse is not true P(r) 

< n tel ls us nothi ng about the magni tude of  r.  

 (3) I n fact, although i t is never inf i ni te P is unbounded   in the 

nei ghborhood of  every poi nt  of  i ts range.  

  Let us now appl y the reducti ve operator  L(P) defined above as 

L( f ) = x
f

(1+ f )
= l (x)  

to the numerator function P . The resul t is: 

L(Pp(r )) = r
p

(1+ p)
=

p
q

p
(1+ p)

=
p2

q(1+ p)
= ! (r )

 

 The function "  associates a dynamical system w i th P that is of  

great interest. A simple calculati on shows : 
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! (2)(r ) = r
p3

(1+ p)(1+ p2)

= r
1

(1+ 1
p)(1+ 1

p2 )

 

 
Conti nui ng by i nduction one has:  

! (n) (r ) = r
1

(1+ 1
p)(1+ 1

p2 )(1+ 1
p4)...(1+ 1

p2n" 1 )
 

 

   I t turns out to be remarkabl y simple to eval uate the l imi t of  

this expression as n goes to i nf i ni ty. If one mul ti pl ies together all  

the terms in the above product, one ends up w i th exponents of  1/p 

that are the bi nary representations of  al l  the i ntegers from 1 to 2n !  

Therefore  

! (" )(r ) = r
1

(
1
p j

)
j =0

#

$
= r

1
( 1

1%
1
p

)

=
p
q

p%1
p

=
p%1
q

(!)

 

  Thus, the f irst $  -cycle of  i terates of  j (r) reduces the numerator by 

1. Setti ng r' =( p-1)/q  one recognizes the new rational  argument r' 

may not be i n lowest terms. Thus r' = p'/q' , wi th p' < p , q'<  q . If "  is 

appl ied to this number the resul t w i l l  of  course be strictl y less than 

r' .   

! (r ' ) =
p' 2

q' (1+ p' )
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I terati ng this $  times produces a l imi t resul t of ( p'-1)/q' . Of course 

i f  p' = 1 , the process terminates. In general, given any rational  r,  

there w i l l  be a f ini te number of  $ -cycles of  i terates on "  w hich 

sends the orbi t of  "  from r to 0. This is the transf ini te countable 

i ndex i  ( "  , r) .  

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  

 Let review some defi ni t i ons and establ ish others:  

 

Defini t i on 0: The expression "countable transf ini te ordi nal " w i l l  be 

abbreviated c.t.o.  

 

Defini t i on 1  : If  "  is a function i n B , x a poi nt i n the range R+ , then 

i ("  ,x) , called the ordinal  index of  the poi nt  x , in !   , is the smallest 

countable transf ini te ordi nal  (   , such that " (( ) (x) = 0  . 

 

Defini t i on 2:  If "  is a function i n B, then  

  j  ("  , x), called the ordinal  index of the funct ion ! , is the l imsup, or 

least upper bound of  the ordi nal  i ndexes for all  poi nts in the range 

of   "  .  

 One easi l y sees that there are two k i nds of  functions: those i n 

w hich the ordi nal  i ndex of  the functi on is achieved on a subset S 

of  poi nts in the range, and those in w hich the function i ndex is 

only the upper l imi t of  all  the poi nt i ndexes and is never reali zed 

at any speci f ic poi nt of  the range.  

 One can construct examples of  functi ons of  both types, for 

any given countable ordi nal  (  . The number theoretic function P 

described above has an ordi nal  i ndex of  $ 2, but this is not attai ned 
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at any poi nt of  the domain. If , by conventi on, one i ncorporates 0 

i nto the domain of  every functi on of  B, then expl ici t constructions 

can be done of  functi ons which attai n any countable ordi nal  at 0.  

   Here is a standard construction for doi ng so. We consi der a class of  

functi ons A = {A( }, where (  is some given c.t.o..  

 Let (  be chosen. Let Q [0, 1] be the col l ection of  rational  

numbers in the interval  [0.1]. We construct a topological  

representation of  (  by selecti ng out a sequence of  elements of  S 

w hich mimic the sequence of  ordi nal  numbers convergi ng to (  .  

S = 1 > r1 > r2 > ...... > rn >...., convergi ng to 0, and to various l imi t 

poi nts i n Q. I t is a wel l -know n resul t that al l  c.t.o's may be 

represented in this way. Indeed, any order type of  countable 

cardi nal  can be given such a representation.  

 The function A(  is now defined as fol lows:  

  (1)   A(   (rk) = rk+1.  

  (2) I f rk > x > rk+1 , then A(  (x) = rk+1  .  

 In order to represent al l  c.t.o.'s in this fashion, one must admi t 

functi ons "  w hich drop dow n to 0 before reachi ng the poi nt x=0, 

but this presents no di f f icul ty.  

 The functions A(  have the property that the functi on i ndex 

(   is expl ici t l y attai ned at the poi nt x=1. However, by constructi ng 

a function that attai ns i ts function i ndex as a l imsup onl y, and 

assuming the Axiom of  Choice, i t is even possible to have as 

functi on ordi nal  the f irst uncountabl e ordi nal  $ 1 !  

  The constructi on proceeds as fol lows: A construction 

due to V i tal i   decomposes the  interval [0,1] i nto a col lection of  

uncountably many congruent countable sets { C% } , everyw here 
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dense in Q , where % runs over the Hamel basis . For each % one 

chooses a di f ferent c.t.o.  (  = f  (% ). Si nce the number of  c.t.o's is 

Aleph1 , the Axiom of  Choice al lows that there is some way of  doi ng 

this.  

 The functions A*(  correspondi ng to each l , are readi l y 

constructed i n a manner simi lar to that for the functi ons A(  , above. 

Indeed, one maps Q isomorphical l y onto each C%, guaranteei ng 

that the subsequences S w i l l  go i nto representation sets for the 

ordi nals ( .  The i ntermediate poi nts x i n each C% wi l l  be sent by  

A*(  into the next representati on poi nt on the lef t.  

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  

The Dual  col lection B*  

      The functions i n the col lection B w i l l  converge to 0 from any 

poi nt x under sequential  i terations up to (  , the c.t.o. index of  x. 

This suggests a natural  correspondence w i th the dual  col lection B*, 

of  functions )  defi ned on R+ w i th the property )  (x) > x for all  x i n 

R+   . There are many ways of  sett i ng up this correspondence. This 

one is based on the natural  dual i zation of  the function P(r) = p, r = 

p/q, namely Q(r) = q. Def i ne the operator L* on any f unction i n F 

by  

 

!  

L* ( f ) = x
1+ f (1

x)

( f (1
x)

= " (x)

 

When L* is appl ied to the functi on Q, one obtai ns the associated 

dynamical  system  

!  

" (r) =
p(q+1)

q2
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This is dual  to the correspondi ng dynamical  system for P(r) =p, and 

converges, af ter   i terations, to the val ue rÕ= p/(q-1) = pÕ/qÕ in lowest 

terms.  

   The dual  systems in B and B* are completel y equivalent. Si nce 

one is setti ng the functi on f  in F  to 0 at 0, this becomes the val ue of  

f (1/x) at x = * . Thus, a system in B* Òloops backÓ to the origi n w hen 

i t reaches the end of  i ts c.t.o. function i ndex of  i terations.  

 

Cont ract ing funct ions in the Complex Plane 
 

This analysis no longer works for the class G of  functions g (z) i n 

the Complex Plane, C defined by the property | g (z)|  < | z| .  

Starti ng f rom any poi nt z0 in C , the appl ication of   i terations 

to g produces a set  H = {g($ ) (z) }, a sub-set of  the arc of a ci rcle w i th 

radi us R , the modul us of  any member of  H.  

I teration from $   to 2$  can produce vi rtual l y any closed 

subset i n the i nterior and boundary of the ci rcle | z|  = R. The 

analysis of  the properties of  a c.t.o.  i ndex for complex functions 

requires a separate study, outsi de the scope of  this paper. 

 

Invariant  c.t .o. st ructures  
on the Space FM of al l  funct ions 

f: N --> N, N = [-M, M], M>0 
 

 The discussion i n the precedi ng pages can be readi l y 

generali zed so as to give some insight i nto the c.t.o. index 

characteristics of  al l  funct ions y=f(x), w i th  
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domain = range  = N= [-M,  M } for some speci f ied bound M.   

 f here stands for any functi on w hatsoever in this class. Let  

(x0, y0) be some poi nt on the graph of  f. Si nce N is compact, the   

col lection of  i terates {f (n) (x0)} = {xn} = Xf  must contai n at least one 

l imi t poi nt i n i ts closure that is in the i nterval  [-M,  M] . Let  

S= S(x0 ) be this col lection of  l imi t poi nts.  

 Si nce f  can be any function, i t need not be conti nuous 

anyw here. For obvious reasons, one can defi ne  

f$ (x
0 )  =  f (S) = S

1
 ,  

the set obtai ned by applyi ng f  to every element of  S. Clearly this 

process can be conti nued another $  times, leadi ng to a set  

S2 =  f2$ (x0), and so on i ndefini tely. 

Theorems:   

Theorem I : Given the above function f and  

N = range/domain = [-M,  M]    as above, there is a c.t.o.  (  such that 

f (( ) (N) = C = f (C) is an i nvariant domain i n N.  

By the method of  defi ni ng f  ((  )  (N) at the l imi t ordi nals, all  of  

these sets S are closed. Therefore the sets  

T = N- S (w i th the endpoi nts of  N removed), are open. Open sets 

contai n a countable number of  rational  poi nts, each surrounded by 

a countable number of  open neighborhoods contai ned i n T, 

defi ned by ci rcles w i th rational  radi i . 

 I t fol lows that each appl ication of  f  ($ ) (S) removes only a 

countable number of  rational  poi nts from T, which can be 

surrounded once agai n by a countabl e number of  circles w i th 

rational  radi i , contai ned i n T. Such a process must end ei ther in an 

i nvariant set C, or in the N ul l  Set, i n a number of  operati ons given 
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by some countable transf ini te ordi nal , or c.t.o. . (I t woul d be strange 

i ndeed, i f  uncountably many steps were required to exhaust a 

countable set of  poi nts and neighborhoods!)  

 Theorem II.  Let x0 be a poi nt i n the range N = [-M,  M] . Once 

agai n, def i ne f ($ )( x0 ) as the set s(x0  ) of  l imi t  points of   L= {f (n)( x0 )} , 

and  

f (s(x0), as an appl ication of  f to the enti re set s, etc. Conti nue this 

process to exhaustion. Let S(  be the union of  all  the sets generated 

by this i terati ve process, up to the c.t.o. ( .   

 Then there exists a c.t.o. % such that f  (S%) is contai ned i n S%   , 

that is to say, S%   contai ns all  the poi nts of  N w hich the process of  

i teration of  f  on x0 w i l l  eventual l y reach.  

 The proof is simi lar to that of  Theorem 1, wi th N bei ng 

replaced by the invariant set C, from w hich, once agai n, a countable 

number of  rational  poi nts are removed from C- S(  at each stage of  

the process.  

  (The fol low ing theorem is incomplete. There are reasons to bel ieve 

that  i t  is true, but  what is presented here is at  best a sketch.) 

Theorem III. Given f  , x0 , S%  , there is at least one 

mini mal  

invariant  set  I (f, x0) contai ned i n  S%. This has the property that 

f (I (f , x0 ) ) = I (f , x0 ) .  

 One modi f ies the proof of  Theorem I, to cover closed subsets 

of  a closed set. The detai ls can be added later.  

 Mini mal  invariant  sets are cycles, and the equi valent  of fi xed 

poi nts for the ful l  general i t y of funct ions on a real  interval . They 

have the fol low i ng important property: If y is any poi nt i nsi de a 
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minimal  i nvariant set, J, there exists a c.t.o. (  such that the union of  

al l  transf ini te i terate sets derived from f  and y, equals J.  

 The minimal  i nvariant sets thus consti tute basic cycl ic 

structures intrinsic to the behavior of  al l  f unctions defined on an 

i nterval  [-M,M ] of  R.  

 

 

  

  

  

 

 

 

  
 

 

  

 

    

 

 

 

 

 

 
 


