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The space F of all real functionson therealline

f:x N >y =f(x) isobdurate to universal structures. Normally
one seleds certain "tame" sub-spaces,the differentiable or
continuous functions, measurable functions, Sobelev spaces, and
So on.

In thisexercisel will be proposing away of associating a
"transfinite index" to every point (x,f(x)) on the graph of avery
general sub-space of Fwhich iscapable of being extended with
little difficulty to most of the other elements of F. The useful
employment, however, of thismethod liesprimarily in the analysis
of placeswherethefunctions of F becomeunbounded.

Thefirst restriction of F isto aspace F*g, defined asfollows:

(@) Thedomain of f! Ftgisthecomplete non-negative x-axis,

Ry:0! x<"
(b) Therange of f isasubset of the non-negative y-axis
(c)ForallfinF*tg ,f(0)=0
Itisdifficult toimaginethat onecould find any universal

structuresin such avast space.Certainly topologies, tubular
neighborhoods, algebra, manifold structures, composition
identitiesare hard to come by.

Of course, f,g! Fg" f(g)! Fy ,butthisisnot muchtogo
on. However, asimpletransformation putsthefunctions of Ftg

into al-1correspondence with asubspace B, whose functions



incorporate anatural dynamical system that embodiesstructural
information:
Definition: Thereductive operator L over Ftg isdefined by:

A
LD =Xy =" ™

Propertiesof L :

(i)" (x)isdefined at every point of thedomain of f

(it)" (x)<xforall x>0

(iti) If fisunbounded at some point t >0- that isto say,
arbitrary large valuesof f arefound in any neighborhood of t, then
thereare correspondingly, pointsof " (x) in the neighborhood of t
arbitrarily closeto thefixed point axis, | (y=x).

(iv) Lisinvertible.

(@) At x=0,bothfand" =0

(b) For x>0, one eadly findstheinverse solution
The application of the operator L to the space Ftgproducesa

function space B characterized by the above list of properties.

Let" beanelementin B.Then,clearly
x>" (%) >" (" (x)>... >" (1) (x)
Theorem: _
For given x," | B,theiterative limit lim #® (X)
nl "
alwaysexists=# 0.

Observethat from the 3symbolsfor somewhat different versions
of infinity, (, ,Alephg)the ordinal symbol isselected.
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Thetheorem isall but self evident, because all members of B
aremonotonically descending and bounded from below by O.
Observealsothat if # >0,then thevalue of " (#) at#isnot # itself
but must drop down to alower value,x' <#.ln other words, the
orbit of " (X) movesto apoint on thefixed point axisl,but" drops
down at that point to some other value.

If x& 0, the iterative process comesto a halt. Such avaluefor
" () correspondstoazeroin theassociated functionin Ftg ,

| (x)=—

X#”

Itwill not be of interest to us, in termsof the structureswe are
examining, for thereto be O'sin either of these two functions except
at theorigin.

Definition: If lim #Z® (x) = $wewrite ! (")(X) = #

nl "
Although $ isthefirst countable ordinal this notation can clearly

be extended to all countable ordinals.

Definition: Let %be any transfinite countable ordinal. Then
we write:lim #(M (x) = #(")(X), wheren runsthrough all finite
nt "

and countableordinalsup toand including .

Theorem: This notation isconsistent and freefrom
contradiction. Proof by transfinite induction.

Theorem:Let" ! B*.Forany x! Rt .thereisatransfinite
ordinal & (x,"),such that / ("(x/)(x) =0

Informally:if theiterative system movesto an attractor #,and the

value of " (#) islessthan #, one can continueto apply " to#,
moving to the next attractor , #1 =" ($)(#) , " ($)(#1) <#1 .
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This process can berepeated indefinitely; aslong asthe system
hasn't yet arrived at 0,adescending chain of attractorsisset up,
which cannot cometo ahalt at any limit point greater than O.

By Zermelo's Well-Ordering Theorem this descending chain
must eventually arriveat Oin anumber of stepsgiven by some
ordinal &.

Theorem: There existsaminimal countable ordinal i(x," ),
such that ! (/) (x) = 0.

That such an ordinal existsfollowsfrom the Well-
Ordering Theorem. That it must be countable can be seen from the
Lesbesgue Integral Theorem. Theintervals between successive
attractorsmust have some positive length, but the sum of
uncountably many positive lengths cannot be equal to thefinite
length [0X]

We will call the numberi theordinal index of xin " .

Theorem: Theordinal index of any function in B* isalways a
countabletransfinite ordinal without finite part.

Sincethereareno zerosof " saveattheorigin, nofinite
iteration from any point x> 0can reach 0.

Next, let' beany function of Fo If' isbounded in any
finitesub-interval of R*:then L' = ( will bebounded away from
thefixed point axisin such away that it will hold no attractors
otherthan O.In thiscasetherewill beonly oneordinal index for all
positive points of the domain, namely $.

In particular,if ' isalready amember of B*,then L' will be

reduced to afunction whose pointsall have the "default” index $.
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Thissuggests afurtherrestriction on the space of all
functions, to aspace F, of functions which have some unbounded
valuesin thefinite part of their range. The correspondence allows
usto associate the transfinite ordinal structure of thefunctionsin
B* with theunbounded pointsof the functionsin F' . This
providesstructural information at these pointsthat may not be
apparent with functionsin FO

For example,one seesthat the graphs of functionsin B* will,
in general, havelimit pointson thefixed point axis|, of two types:
topological limit pointsand iterativelimit points. The topological
pointsarenot the endpoints of any dynamical orbit, but aresimply
limit points of the 2-D set of points (x," (x)).

Thisdistinction between orbit end pointsand topological limit
pointsisnot apparent in the structure of the unbounded points of
the corresponding functionin F ,but isrevealed when moving to
B*.

Furthermore, every attractor will have orbits of various
countabletransfinite ordinals associated with it. Thisindexing of
attractorsin accordance with ordinalscannot beseenin F, butis
revealed under the transformation L.

Thus, L behavessomewhat like a Fourier Transform that reveals

the structure of agiven function in termsof its harmonics.



A Model from Number Theory

If onerestrictsthe functions of B to those whose iterateson
the domain of rational numbers Q convergeto rationals, then all of
the above considerationswill apply if the domain R*g, isreplaced
by the domain Q*gof positiverational numbers.

Letr beapositiverational. It can bewritten asafraction in
lowest terms,r = p/q, p, qintegers. Let P stand for the "numerator
function”

P(r)=P(p.a)=p,(r=p/q! Q%o)
P hasthefollowing properties:

(1) P associatesaunique integer with every rational r

(2) Pis"loosely monotonic" in thefollowing sense:lfr>n,
where nissomeinteger,then P(r) > n.Theconverseisnot true P(r)
<n tellsusnothing about the magnitude of r.

(3) In fact, although it isneverinfinite Pisunbounded inthe
neighborhood of every point of itsrange.

Let usnow apply thereductive operator L(P) defined above as

L(f)= =
()= X7y =10
to the numerator function P. Theresult IS:
_ _P_ P
L(Pp(r)) =r—— —_—
(1+ p) q(l+p)
=P =)
ql+ p)

Thefunction" associatesadynamical systemwith Pthat is of

greatinterest. A simple calculation shows:



r o) =r—F
1(1+ p)(1+ p2)

=r
(1"’%)(1""55

Continuing by induction one has:

FM(r)=r 1

(L+5)A+ 312)(1+ 514)...(1+ p—zﬁq)

It turnsout to beremarkably simple to evaluate the limit of
thisexpression asn goestoinfinity.If one multipliestogether all
thetermsin the above product, one ends up with exponents of 1/p

that arethe binary representations of all theintegersfrom 1to 2N !

Therefore
FO)r)=r #11 =T 1
s 7,1
j=0P! 1/05
_pp¥d_pAL .,
q p q

Thus, thefirst $ -cycle of iteratesof j(r) reducesthe numerator by
1.Setting r' =(p-1)/q onerecognizesthe new rational argument r'
may not bein lowest terms. Thusr'=p'/q"',with p'<p,qg'< qg.If" is
applied tothisnumbertheresult will of course be strictly lessthan

r.

p2

'(r\= ———
SRy



8..

Iterating this$ timesproducesalimitresult of(p'-1)/q" . Of course
if p'=1,the processterminates. In general, given any rational r,
therewill beafinite number of $ -cyclesof iterateson ™ which
sendstheorbit of * fromrto 0. Thisisthetransfinite countable
indexi (" ,r).

Let review somedefinitions and establish others:

Definition 0: The expression "countable transfinite ordinal" will be

abbreviated c.t.o.

Definition1 :1f " isafunctionin B,xapointintherange R*,then
I(" ,x),called theordinal index of thepoint x,in/ ,isthesmallest

countabletransfiniteordinal ( ,suchthat" (() (x)=0.

Definition 2: If " isafunction in B, then

j (" ,x),called the ordinal index of thefunction / ,isthe limsup, or
least upper bound of the ordinal indexesfor all pointsin therange
of "

Oneeadly seesthat therearetwo kinds of functions: thosein
which the ordinal index of thefunction isachieved on asubset S
of pointsin therange,and thosein which thefunction indexis
only theupperlimit of all the pointindexesand isneverrealized
at any spedfic point of therange.

One can construct examplesof functions of both types, for
any given countable ordinal ( . Thenumbertheoreticfunction P

described above hasan ordinal index of $2, but thisisnot attained
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at any point of thedomain. If, by convention, oneincorporatesO
into the domain of every function of B, then explicit constructions
can be done of functions which attain any countable ordinal at O.

Hereisastandard construction for doing so. We consider aclass of
functions A = {A(},where ( issomegiven c.t.o..

Let ( bechosen. Let Q [o,1] bethecollection of rational
numbersin theinterval [0.1]. We construct atopological
representation of ( by selecting out asequence of elements of S
which mimicthe sequence of ordinal numbersconvergingto ( .
S=1>r1>r2> ... >rp >....,converging to 0,and to various|limit
pointsin Q.ltisawell-known result that all c.t.o'smay be
represented in thisway. Indeed, any order type of countable

cardinal can be given such arepresentation.
Thefunction A( isnow defined asfollows:

(1) A( (rk) =rk+1.
(2) Ifr,>x>rk+1,then A( (X)=rk+1 .
In order torepresent all c.t.o.'sin thisfashion, one must admit
functions™ which drop down to O beforereaching the point x=0,

but this presents no difficulty.
Thefunctions A( havethe property that the function index

( isexplicitly attained at the point x=1.However, by constructing
afunction that attainsitsfunction index asalimsup only, and
assuming the Axiom of Choice,it iseven possible to have as
function ordinal thefirst uncountableordinal $,!

The construction proceeds asfollows: A construction

dueto Vitali decomposesthe interval [0,1] into acollection of
uncountably many congruent countable sets{C% , everywhere
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densein Q ,where%runsoverthe Hamel basis. For each %one
choosesadifferent c.t.o. ( =f (%). Sincethe number of ct.o'sis
Alephi , the Axiom of Choice allowsthat thereissome way of doing
this.

Thefunctions A*( correspondingto each |, arereadily

constructed in amanner similar to that for thefunctionsA( ,above.
Indeed, one maps Q isomorphically onto each C%guaranteeing

that the subsequencesSwill gointorepresentation setsfor the
ordinals (. Theintermediate pointsxin each C%will be sent by
A*( intothe next representation point on the left.

The Dual collection B*

Thefunctionsin thecollection Bwill convergeto Ofrom any
point x under sequential iterationsup to ( ,thec.t.o.indexof x.
Thissuggests anatural correspondence with the dual collection B*,
of functions) defined on R* with the property ) (x) >xfor all xin
R* .Thereare many ways of setting up this correspondence.This
oneisbased on the natural dualization of thefunction P(r)=p,r =
p/q, namely Q(r) = g. Define the operator L* on any function in F

by

1+”}Q=”W)

(f(1)

When L* isapplied to thefunction Q, one obtainsthe associated

L'(f)=x

dynamical system
v(ry=PA*D
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Thisisdual to the corresponding dynamical system for P(r) =p, and
converges, after iterations, tothevaluer@ p/(g-1) = p@ydn lowest
terms.

The dual systemsin B and B* arecompletely equivalent. Since
oneissetting thefunctionfin F toOat0,thisbecomesthe value of
f(1/x) at x=* . Thus, asystem in B* Obops back Oto the origin when

it reachesthe end of itsc.t.o.function index of iterations.

Contracting functions in the Complex Plane

Thisanalysisno longer worksfor the class G of functionsg (z) in
the Complex Plane,C defined by the property | g (2)| <] z| .

Starting from any point z,in C,the application of iterations
to g producesaset H = {g® (z) }, asub-set of the arc of acircle with
radius R ,the modulus of any member of H.

Iteration from$ to 2$ can produce virtually any closed
subset in theinterior and boundary of thecircle| z]| =R.The
analysis of the propertiesof ac.t.o. index for complexfunctions

requiresaseparate study, outside the scope of this paper.

Invariant c.t.o. structures
on the Space FM of all functions

f:N --> N, N = [-M, M], M>0

The discussion in the preceding pages can bereadily
generalized so asto givesomeinsight into the ct.o.index

characteristics of all functions y=f(x), with
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domain =range = N=[-M, M}for some specified bound M.

f herestandsfor any function whatsoeverin thisclass. Let
(xo,yo0) be some point on the graph of f. Since N iscompact, the
collection of iterates{f (N) (xg)} = {xn} = Xf must contain at leas one
limit pointinitsclosurethatisin theinterval [-M, M]. Let
S= S(x,) be thiscollection of limit points.

Sincef can be any function, it need not be continuous
anyw here. For obviousreasons, one can define

f$(x,) =f(S)=S,,
the setobtained by applyingf to every element of S. Clearly this
process can be continued another $ times, leading to aset
Sp = 28 (x,), and so on indefinitely.
Theorems:

Theorem | : Given the abovefunction f and
N =range/domain =[-M, M] asabove,thereisac.t.o. ( such that
f(O(N)=C=f(C)isan invariant domainin N.

By the method of defining f (()(N) at the limit ordinals, all of
these sets Sareclosed. Therefore the sets
T=N-S(with theendpointsof N removed), are open. Open sets
contain acountable number of rational points, eadch surrounded by
acountable number of open neighborhoodscontained in T,
defined by circleswith rational radii.

It follows that each application of f ® (S) removesonly a
countable number of rational pointsfrom T,which can be
surrounded once again by acountable number of circleswith
rational radii, contained in T. Such aprocessmust end eitherin an

invariant set C, or in the Null Set,in anumber of operations given
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by somecountabletransfinite ordinal, or ct.o.. (It would be strange
indeed, if uncountably many stepswererequired to exhaust a
countable set of pointsand neighborhoods!)

Theorem Il. Let x,beapointintherangeN =[-M, M].Once
again, definef®)(x,) asthe set s(x, ) of limit pointsof L={f"(x,)},
and
f (s(x,), asan application of f to the entireset s, etc. Continue this
processto exhaustion. Let S, be the union of all the sets generated
by thisiterative process, up tothect.o. (.

Then there existsac.t.o. %such that f (Sy) iscontained in S, ,
that isto say, S,, contains all the pointsof N which the process of
iteration of f on x,will eventually read.

The proof issimilar to that of Theorem 1, with N being
replaced by the invariant set C,from which, once again, acountable
number of rational points areremoved from C- S at each stage of
the process.

(Thefollowingtheoremisincomplete Therearereasonsto believe
that it istrue, but what is presented hereis at best a sketch.)
Theorem I11.Givenf ,x,,S,,,thereisat least one
minimal
invariant set | (f, x,) contained in Sy, This hasthe property that
f((f, %)) =1(f, %) .

Onemodifiesthe proof of Theorem I, to cover closed subsets
of aclosed set. The details can be added later.

Minimal invariant sets arecycles, and the equivalent of fixed
pointsfor thefull generality of functionson areal interval. They

havethefollowing important property:If yisany pointinside a
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minimal invariant set, J, there existsac.t.o. ( such that the union of
all transfiniteiterate setsderived from f and y, equals J.

Theminimal invariant setsthus constitute basiccyclic
structuresintrinsicto the behavior of all functions defined on an
interval [-M,M] of R.



