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! ! ! ! ! ! ! ! ! ! ! !  

SUMMARY 

      I t   is shown  that   the conceptual  
st ructure of  the Quantum Theory is such that   the 
t ime derivat ives of  al l  quant i t ies  have an 
int rinsic  uncertainty; in some sense they are non-
commut ing wi th themselves. This sets l imits to the 
applicat ion of   Newton's  Laws  of  Mot ion  t o the  
microscopic realm.  One way of  interpret ing this is 
t o int roduce a "t ime-dependent " momentum,( in 
analogy to "t ime dependent  energy"),  in addit ion 
to the  Òt ime-independentÓ  momentum in 
customary Quantum Theory.  

! ! ! ! ! ! ! ! ! ! ! !  
Introduction 

      Only a restricted  set of  classical physical magni tudes 

are amenable to being  ÒquantizedÓ by the standard operator 

schemas of  quantum theory.  We did not need Einstein to tell  us 

that God doesnÕt play dice to reveal  the incompleteness of  

Quantum Theory to us. 1   

     This schema for quantization,  which we may acronymize 

as the ÒO.S.Ó , is employed as a mechanical   method for 

ÒtranslatingÓ certain classical,  Newton - Lagrange-Hami l tonian 

equations of  physics into a quantum operator which can be appl ied 

                                     
1God of  course doesnÕt need to play dice: HE runs Las Vegas. 
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to the Schršdinger wave function,  ! ,  to produce a probabi l istic or 

quantum description. 

     The physicist readers of  this article wi l l  be fami l iar wi th 

this schema: 

The Operator  Schema   
(   Quantization   ) 

Position:x,y,z ! x•, y•,z•:(" )

Momentum: px, py, pz! (ih / 2#)$() / $x,(ih / 2#)$() / $y,

(ih / 2#)$() / $z:(" )

Energy:E ! (%ih / 2#)$() / $t:(" )

 
Those persons not fami l iar wi th the Operator Schema ,    

( henceforth abbreviated as the ÔO.S.Õ), may not be able to 

understand much  of  the rest of  this paper. However, i t is not 

required that one knows much more  about Quantum Theory than 

this , (and the Uncertainty Principle),  to be able to read i t for 

pleasure, prof i t, insight, shock , and so forth. 

    The Inverse   Schema  , ( I .S.), may also be given a 

meaningful  interpretation.  To Òcont inuize Ò 1 a quantum equation 

is equivalent to the passage, via the Correspondence Principle , 

f rom the sub-atomic level to the macroscopic everyday world. (For 

persons not fami l iar wi th the way quantum mechanics works I  

might explain that, theoretically at least, one can take any 

di f ferential  equation that purports to describe the physical world, ( 

mechanical, gravi tational , hydrodynamic, electrical, etc.), replace 

every magni tude in the equation by i ts equivalent operator in the 

O.S., and thereby derive an equation which, in some pecul iar way 

that is sti l l  a matter of  hot debate, describes the microscopic realm.) 
                                     
1Coinage of  the authorÕs. 
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     The Inverse Schema  
    ( Correspondance Principle)  

Position:x¥,y¥,z¥:(! ) " x,y, z;

Momentum:(ih / 2#)$() / $x,(ih / 2#)$() / $y,

(ih / 2#)$() / $z:(! ) " px,py,pz;

Energy:(%ih / 2#)$() / $t:(! ) " E

 

           The O.S. and the I .S. are most of ten appl ied  in the 

translation of  the  Hami l tonian, or energy equation,  back and forth 

f rom  Classical to Quantum mechanics .In i ts simplest form,   the 

Hami l tonian is the f i rst integral of  NewtonÕs 3rd Law of  Mo tion: 

                            (1) (1/2m p2 ) +  V(x, t)   = E    

     We  pass  this expression through the  O.S. to produce 

the  famous time-dependent Schršdinger equation: 

(2) ! ((h / 2" )2 / 2m)# 2$ +V$ = ! (ih / 2" )%$ / %t  

 

    A generalization of  the same method produces the 

Klein- Gordan equation, which, in i ts turn, ingeniously factored, 

produces the Dirac equation for a f ree electron. I f  one   then 

attempts to apply the I .S. to the D irac equation, the resul ts are not 

very satisfactory; yet, by the use of  a bi t of  Òinverse ingenious 

trickeryÓ , one can get out the classic relativistic relationship of  

energy to momentum: 

                          (3)    E2    = c2 ( p2  + m2c2 ) . 

  When  there is no reason for using  the actual  values of  the 

speed of  l ight and PlanckÕs constant, we wi l l  choose our uni ts in 

such a way that  c = h/2"    =  1.  

         Despi te thei r proven power in terms of  creating a vision 

of  the sub-atomic domain ,  as an aid to our think ing , and as a way 

of  making calculations and predictions, the O.S. and the I .S. fail  
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dramatical l y when appl ied to those equations which are most 

fundamental to all  of  physics,  NewtonÕs Laws of Mot ion: 

                                  (i  )    p  =  m dx/dt  =  mv  

                                  (i i )    F  = m #    = dp/dt 

 The failure of  the O.S. when appl ied to equation (i i )  in 

particular  means that the Newtonian vision of  the cosmic order 

breaks down completely when appl ied to the quantum domain. 

This observation, which may be obvious to some, yet which is far 

f rom elementary, means among other things that any viable form 

of  Quantum Gravi ty must awai t a substantial  improvement in our 

mathematical  description of  the structure of  the cosmos. 

     Let us examine equation (i i ) f i rst:  The O.S. is  appl ied in 

such a fashion that  a string of  mul tipl ications on the Òquanti tativeÓ 

side is translated into a chain of  functional  i terations on the 

Òoperator side: 

 (a)  x2  ----------->  X2 ¥/ !  

 (b)  px2 =m2 ( dx/dt)2  ---->  i !   /! x  ( i  ! (   )/! x ) :( ! ) 

 = - ! 2 (  )/ ! x2  :( ! ) 

(c) x. p ------->  ix !  (  )/! x :( ! ) 

(d) px------->  i  !  ( x  )/! x  =  ix!  (   )/! x + i  ¥ :( ! ) 

     The  last two relations, (c) and (d) show that the O.S. is not 

even, strictly speaking, even  l i near , since subtracting (c) f rom (d) 

on both sides gives us : 

              (4)                 0 ---------------------->  i  

 :A rather strik ing  way of  stating the  Uncertainty Principle! 

   Clearly any   appl ication of  the O.S. to acceleration must be 

ambiguous. What happens when we attempt to quantize     

#    =  d 2 x /d t 2  ?  No  i terations of  the di f ferential form , 

d/dt on the left side have any  interpretation in terms of  either 

i terations or mul tipl ications of  partial di f ferential  forms on the 
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right. Certainly, the continuizing of    ! 2 (  )/! t2  by the I .S. wi l l  not 

yield anything remotely resembl ing acceleration: 

            (O.S.) 

! 2 (  ) /! t2 -------->   - E2   (!??) 

  As for equation (i ), i t presents special problems  since 

momentum , l ike space   and t ime  , is an i rreducible primi ti ve in the 

quantum theory.1   Mass   is a parameter, whi le  dx/dt is the ratio of  

two commuting quanti ties, x and t, and therefore, in theory, not 

restricted by the Uncertainty Principle.   

 From the standpoint of  quantum theory a better  form of  

equation (i ) i  s  : 

                           (i i i )  m   =  p/ (dx/dt)   

   In this equation  the right side contains the  3 primi tive 

notions, space, t ime   and momentum , whi le  mass   is  defined 

indi rectly in terms of  these. 

       However: we are going to take a second look at this 

si tuation . Through a return to the conceptual images that l i e at the 

basis of  all  quantum descriptions , we wi l l  discover that there is a 

measurable uncertainty associated w i th the veloci ty v = dx/dt ,   

dependent  only on the uncertainty in t  .  We wi l l  then apply this 

perspective to acceleration. The resul ts are  qui te  interesting. 

 

I I . Taking The Time Deriv at iv e 
       The Ansatz   for  f inding the f i rst derivati ve  of  a function 

,x(t), is   fami l iar to all  of  us  since the time of  Isaac Newton. Letting 

t be the independent variable,  one  chooses two moments very 

                                     
1In contrast, for example,  to the si tuation of  Special  Relativi ty , 
where momentum  is a derived quanti ty. 
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close to one another, say  t and t+ $ . Af ter measuring the two 

quanti ties  x( t) and x(t+ $) ,  one  forms the ratio        

                (5)        [x(t+ $)  - x( t)]/$   =   % x / " t 

         A pure  mathematician can imagine that the time 

increment  " x   = $ ---> 0 ,to derive the exact form of  the derivative. 

In the  ( classical ) physical world however, i t is suf f icient to choose  

$  to be so small   that any further reduction may be treated as 

negl igible. The success of  this approximation depends in turn on 

assumptions about the continui ty, di f ferentiabi l i ty and degree of  

smoothness of  the  function x(t) . Thus  pure mathematics gives 

way to approximate mathematics, which in i ts turn devolves on 

matters of  pure mathematics. As the woman said in the famous 

retort to Bertrand Russel l :  " I t's turtles all  the way down!" 1 

       Yet  the conceptual  images of  the Quantum Theory  are 

radically  at odds w i th this methodology . The very act  of taking the 

ini t i al  measurement  , at  t ime t , of the locat ion x of some part icle Q, 

of mass m,  so perturbs  both the posi t ion and the momentum of Q, 

that  the   second measurement  at  x ( t+ ! ) , cannot  possibly have any   

cont inuous relat ionship to x ( t  ) !  

    The si tuation is not hopeless, because the Uncertainty 

Principle gives us a way of  estimating the size of   this perturbation.  

LetÕs say that the ini tial  measure of  x(t) has created displacements 

in the posi tion and momentum of  Q by the amounts dx  and dp . 

         By the Uncertainty Principle  we have: 

                    ( 6)      dxdp  #  1/2 ( Assuming, as usual ,  h/2"  =1 ) 

    Af ter a time interval  , $, the uncertainty in the displacement 

, x ( t+ $) , wi l l  contain a term for dx , and also a term D derived 

                                     
1See Stephen Hawk ingÕs thoughtful  and funny  book, 
 ÒBrief History of  TimeÓ; Bantam,1988 
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f rom the uncertainty in the momentum which is given by  D =  (  $ 

dp )/ m. 

  We therefore wri te:  

                  (7 )    x (act) ( t+ $)  =  x(hyp) ( t+ $ )  +  dx  + D  ,  

where    x (act) is the estimated actual value of  the new location,  

whi le  x(hyp)  is the value i t would have had   i f  the f i rst 

measurement had not been taken. (For the present discussion we  

ignore the value of   d x(hyp)  ( t+ $) .   

  One has: 

           (8)  x (act) (t+ $)  =  x(hyp)  ( t+ $)  +  dx  + D                       = 

x (hyp) + {dx + $ dp/m}  >    x(hyp) +  dx  +   $/(2mdx)     

, the f inal term on the extreme right coming f rom the  

Uncertainty Principle .Form the di f ferential expression for x : 

         (9)  %x/%t  =   (1/ $ )( x (act) ( t+ $)  -  x(t))   

                                             >  1/ $(   x(hyp)( $)  -  x(t) )  + D/ $  

   which is a f i rst approximation to  dx/dt + { dx/$ + 1/2mdx)   

              = dx/dt  + µ  , 

where  µ  = dx/$ +1/(2mdx)  w i l l  be called  the int rinsic 

uncertainty in the veloci ty ,(or  t ime derivat i ve ). 

       Let  dx   = z  , and calculate the minimum for z > 0 , of  the 

expression          

       &   =   z/ $  +  1/(2mz)  .  

Taking the derivative one obtains: 

                     (10 )      &Õ =  1/ $ - 1/2mz2=0   

Solving this gives   zmin   =  $($/2m)  , and, substi tuting in 

&,we get ,f inally:  

                      (11)     &min     =   $(2/(m$))  . 
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 For the statement of  our f i rst theorem reintroduce  h/2"  : 

 THEOREM I :   The uncertainty in the expression,   

                                     ( x(act ) - x(t ) )/ !    =  #x/# t  ,   

                                      is at  least   µ = !  (h/" m! )  . 

     As  $ --------> 0 , this expression goes to  %  . The precise  

time derivative at the ini tial  moment, t, must therefore be 

acknowledged to be unknowable. I f   $ is too small ,  µ  wi l l  become 

too large, and i f  $ is too large, then x wi l l  be too far away f rom the 

f i rst derivative to be of  any use. We can actual l y estimate, for a 

given si tuation, the best value for  $ : 

     THEOREM I I :  The best  est imate for the increment   !   is 

found at   the place where the product    of the di fferences of x from the 

hypothet ical  values of x '   at  t   and at  t+ !   , is equal  to the square of 

the uncertainty, µ . 

     PROOF:  We seek to minimize the expression 

                         (12)       '  :    (xÕ(t+$ ) - &) 2 +  ($(h/(" m$))2  

, over  the variable  ! . . 

Here,  & =  (dx/dt) (hyp)  is the  time derivative which we 

assume   to ÒexistÓ in some sense,  in a pre-measurement reali ty.  

Then, 

                  (13)   1/2d' /d$   =  ( xÕ-&) x ÔÔ  +  µ µ '  = 0  

                              µµ '   =  -h/ m $2 

Assuming that $2 wi l l  be convenientl y close to zero, we 

invoke the Ôideal approximationsÕ :  

 (a)   xÕÕ(t+$) &   -( 1/$2 ) [ $x'( t+$ ) - {x (t+$) - x(t) } ]  ;    

 (b)   xÕ(t+$) - &  &  [  {x(t+$) - x(t) }/$  ] -  x'(t) 

  Juggl ing the terms around a bi t leads to the expression:  

                (14)        (  x -  x'(t+$) ) ( x - x'(t) )  = h/(2" m$) 

, which proves the theorem. 
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 This resul t is somewhat academic , as i t impl ies that one 

must know the theoretical   behavior of  xÕ in this part of  i ts domain 

in order to derive a Òbest valueÓ for $., i .e., that which gives the 

best approximation to xÕ at t.  The theorem does show however, that 

a Òbest valueÓ does exist when the above equation can be solved 

for $. Since so much of  quantum theory is based on thought 

experiments, this si tuation f requently arises.  For example, i f  one  

makes the assumption that  the displacement,  x , is a quadratic 

expression in the time , t, then equation (14) becomes l inear in $  on 

the  left side.  Solving the resul ting equation gives  at most 2 values 

for $ . These values might be used  to test our hypothesis of   a 

quadratic dependence  of  x on t . Note that this is the best test that 

we can make of  this hypothesis.  

 III. Acceleration 
              Epistemological l y, the correct form for NewtonÕs 3rd 

Law of  Mo tion is  

                                    (15)  F     = dp/dt 

                 Only rarely does mass  , per  se, enter nakedly into 

physical theory. The concepts of  energy, momentum   and inertia  

are far more fundamental  .Any measurement of   mass is dependent  

on them . They are also  the quanti ti es  which our  senses  record  as 

intensi ties , which, on the basis of  various theoretical assumptions 

,are then interpreted to give  a parameter for mass. 

 This is very convenient for the treatment given in this 

paper. Attempting  to deal w i th  the uncertainty relationships in  an 

expression such as  

                                       (16)  dv/dt =  [ d (dx/dt)/dt ]    ,  

                is bound to run into serious  compl ications, whereas 

the  int rinsic  uncertainty   in the time derivati ve of  the momentum  
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dp/dt can be treated di rectly  in a manner homologous wi th  the 

previous estimation of  the  uncertainty in the veloci ty.  

 Proceeding as before , an ini tial  measurement of  p at time t 

wi l l  have a margin of  error dp , and an addi tional  displacement 

error of  dx .   Af ter  performing  a second measurement at time t+ $ , 

we add on these two displacements  ,   

    (i  )  dp , and 

    ( i i ) a term (   =  mdx/ $ . Then,  

           (17)        G  =  (p(act)  (( t+ $ )  - p(t)) / $   >   

  {( p(hyp) (  t+ $ ) - p(t) )/ $ }  + {  (dp + m dx/$  )/$}   

  =   )  +  *  

where  )  is the measurement of  the acceleration, and *  is i ts 

uncertainty.  Once again  we apply the Uncertainty Principle to 

convert the f inal  term into an  expression in dp . Let  +  =  dp   

  . We wish to minimize  *   =  dp/ $ + m/2dp $2  over  +  . This 

leads to : 

            (18)  *   Õ =  1/$  -  m/(2$2+ 2)   = 0 . Solving:  

            (19) + min  =  $m/2$, and * min = $(m/2$3).  

     We once again reintroduce the letter, h/2" , and express our 

resul t i n terms of  the force, F   =  m#    

 THEOREM I I I  : The uncertainty in the determinat ion of 

force at  the quantum level , over a t ime interval  !  ,  is given by   

 $ =  ! (mh/4" ! 3). The uncertainty in the accelerat ion is 

therefore(1/m) $ = ! (h/4" m! 3). 

   Once again, we   seek   Òbest values Ò for )  and $ .  

Our  method is  homologous in al l  respects to that used in deriving 

the equivalent value for the veloci ty.  The  resul t is: 

        THEOREM IV :   The product  of the di fferences   of  % from 

the hypothet ical  values of dp/dt   at  t  and at   t  + !    , is equal  to  

 3/2 x  $,  the  Uncertainty .  
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 Interpretat ion 

       One may interpret these resul ts  by  posi ting  two k inds 

of  quantum-theoretic momentum: t ime-independent   and t ime-

dependent   . This has the effect of :   

                                   (i )   Putting the momentum on a par w i th 

the energy,   which also has time-independent and time-dependent 

forms1, and 

                                   (i i )  highl ighting even further the 

incurable ambigui ty of  the  status of   time in the quantum theory.  

Depending on how i t is used, time is ei ther (i ) a parameter, or (i i ) a 

variable commuting w i th space but not wi th energy. 

        (A)   Time-independent  momentum:  This is the form 

which can be in some sense measured instantaneously : an electron 

smashing into a plate  and leaving some kind of  indentation, or a  

blackened spot on a photographic f i lm, the intensi ty of  the 

blackening  being a measure of  the instantaneous momentum of  

the col l ision. 

  (B) Time-dependent  momentum : This is the quanti ty that 

occurs in the expression  p = mv ,(or p = mv/$(1-v2/c2) .I t is not 

measured by some kind of  instantaneous impression on a 

recording medium, but  through  taking a reading of  the posi tions 

of  a particle of  known mass at two inf ini tesimal l y close points in 

time. I t  is this veloci ty which has an int rinsic uncertaint y . 

     These distinctions should f ind some appl ication in Special 

Relativi ty as wel l :  here time-independent momentum is something 

of  a f iction, as i t may be modi f ied, even removed enti rely, by 

changing the reference f rame of  the impinging  surface of  contact. 

                                     
1Recall  that energy and momentum are l inked through Special  Relati vi ty as the 
temporal and spatial components of  the same 4-vector. 
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Time-dependent momentum, however, is  reference-f rame 

invariant, l i ke zero-point energy, which i t resembles  to some 

extent. 
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