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 In the l i teral  sense a vector f ield V  over a mani fold M  is 

simply the assignment of  a vector quanti ty of  the same dimension 

as the mani fold to every point of  M . A l though a gradient is, strictly 

speak ing,  a "co-vector" rather than a vector, in si tuations in which 

the transformations of  a vector space and i ts dual  coincide, ( as is 

the case wi th Eucl idean n-spaces), the gradient of  a function of  n-
variables , ∇f (x1, x2 ,.. .xn ) = ( f x1 , f x2,... f xn )    , i s a good 

example of  a vector f ield in this sense. 

   Vector Fields in Relativi ty and Dynamical  Systems however use 

the expression in a speci f ic way. I t is assumed that this audience 

has a fai rly good idea of  what a mani fold is. An n-dimensional  

connected mani fold M , is a topological  space, usual ly some surface 

in a Eucl idean space, whose local  properties, up to some derivative, 

are identical  to those of  Eucl idean n-space. M ore precisely, one can 

cover M  wi th coordinate patches in such a way, that each patch is 

di f feomorphic to a region of  n-space. and to each other in the areas 

of  overlap. Example: the 3-sphere is local ly di f feomorphic to the 

f lat plane, but one has to cover the sphere wi th at least 2 coordinate 

patches, (say one including the North Pole, the other the South Pole 

w i th overlap at the equator) in setting up coordinates for the enti re 

surface. 
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 However i t w i l l  be qui te satisfactory, for the purposes of  this 

introductory lecture, to take as our mani fold any region of  n-

dimensional  Eucl idean space. M ost of  our examples wi l l  go no 

further than the f lat plane, whi le there are interesting things to be 

said even about the 1-dimensional  straight l ine.  

 For most of  the appl ications to physics, one usual ly requi res 

that the vector f ield be di f ferentiable or, as they say , smooth . 

However this condi tion can be relaxed when needed to requi re that 

the f ield satisfy a Lipschi tz condi t ion  . We wi l l  return to this at the 

end of  the lecture.  

 A l though there is no apriori  reason why a vector f ield should 

not be total ly random, or densely discontinuous, or even singular 

w i th several  vectors emanating f rom a single point, the reason one 

requi res the f ield V to be smooth and non-singular is that one is 

interested in studying flows   , F, which are the envelopes of  vector 

f ields. A f low is a fibrat ion   of  the mani fold M  into 1-dimensional   

non-intersecting sub-mani folds which do not terminate in 

singulari ties and do not intersect. A  singular point of  a vector f ield 

in this sense is therefore one that interferes wi th the action over a 

f low.  

 Def ini tion: A singular point of  a vector f ield V over a 

mani fold M  is one at which, ei ther: 

  (1) The f ield is mul ti -valued, i .e., several  vectors 

attached to the same point; or  

  (2) The f ield is discontinuous. (or more general ly is not 

Lipschi tz). This means that one or more of  the equations for the 

vector components in terms of  the coordinates: 
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v = (v1, ...vn );
vj = f (x1,... , xn ); j =1,2, ...n  

has a discontinui ty at that point. This condi tion can be weakened 

in general  when i t is requi red only that the di rections, (that is to 

say the sets of  di rection cosines), of  the vector be continuous, and 

not the lengths.  

  (3) A l l  of  the components at a certain point are 0. When 

that happens there is no motion, and no di rection in which motion 

can take place.  

Flows 
 The important thing to remember is that the f ibration F of  M  

into f low l ines is a function only of  the di rections and not of  the 

lengths of  the vectors of  a vector f ield. This is best i l lustrated by an 

example:  

 

    

Figure 1 
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    This diagram attempts to capture the notion of  the vector f ield of  

the rotation of  the plane in a counter-clockwise fashion about the 

origin. A l l  of  the vectors are, in theory, tangents to a ci rcle about 

the origin: 

 

 Figure 2 

 Observe that the lengths  of  the tangent vectors do not 

inf luence the pattern of  integral  curves, that is to say the col lection 

of  ci rcles about the origin. I f  the lengths in Figure 1 were doubled, 

the ci rcles in f igure 2 would remain unchanged. The example 

chosen is particularly simple, but the resul t is true for any vector 

f ield in which the vectors are to be interpreted as tangent l ines to a 

col lection of  integral  curves, or f low. 

 What then, has happened to the lengths? Are they simply 

discarded. The answer is no. As we wi l l  show presently, the 

lengths of  the vectors in V measure the "speed" at which a process 

or action f lows through the integral  curves. A concept of  speed 

entai ls a concept of  time, and, as we shal l  see, a vector f ield actual ly 

"creates" i ts own time!  
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A Classical Theorem from Differential 
Topology 

 I t i s not possible to construct a vector f ield on the sphere 

which is completely f ree of  singular points. This is essential ly a 

theorem in topology, proven in any text on Di f ferential  Topology 

  

Creating Time 
 By asserting that a vector f ield creates i ts own time I  do not 

want to be charged wi th a descent into w i ld metaphysics - not right 

away. Once again the si tuation is best i l lustrated by restricting 

ourselves to vector f ields on the plane, or R2 .  

 
 I  i s an integral  curve of  the vector f ield V. p0 is an ini tial  

point  

=( x0, y0 ) and v a vector of  V through that point. I f  the components 

of  the elements of  V are given by pai rs of  functions 
(v1,v2 ) = (ξ1(x, y),ξ 2 (x, y))  , then by elementary calculus, the 

equation of  the curve I  is given by the di f ferential  equation: 

dy
dx =

ξ2

ξ1
 

Pov

I
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combined wi th the ini tial  condi tion p0  = ( x0, y0 ). I f  the functions  

ξ1,ξ2  both be mul tipl ied by the same function f ( x1,x2 ) , this w i l l  

not af fect the value of  the derivative above, nor the shape of  the 

integral  curve. 

 What happens then, when we introduce a parameter ε  that 

separates the derivative into two expressions, one for x the other for 

y ? .  

 
dx
dε = ξ1

dy
dε = ξ2

 

 The two components of  the tangent vector  now become 

dependent variables on a new parameter introduced indi rectly in 

the solution of  the di f ferential  equations relating them to the 

integral  curves! The monotonic increase of   ε   may be seen as a 

k ind of  f low through "time" over the enti re plane. The technique, 

which is closely related to the method of  Lagrangian mul tipl iers for 

the solution of  equations of  motion subject to constraints, is qui te 

general  and can automatical ly be extended to n dimensions. Indeed 

i t is customary to def ine a vector f ield as a system of  f i rst order 

ordinary di f ferential  equations , whose derivatives are al l  w i th 

respect to the variable t, or time: 
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dx1
dt = ξ1(x1,.. ., xn )

dx2
dt = ξ2

....
dxn

dt = ξn

 

For the moment we wi l l  continue to use the letter ε    so as not to 

confuse i t w i th time.  

  An i l lustrative example is in order at this point. Let 
ξ x (x, y) = −y
ξ y(x, y) = x

dx
dε = −y

dy
dε = x

 

M ul tiplying the f i rst equation by x, the second by y, we see that 

x dx dε + y
dy
dε = 0 = 1

2
d(x 2 + y2 )

dε  

 Integrating one has  

x2 + y2 = Const.= r 2  

 This are the basic vector f ield equations , in other words, for 

the f ibration by concentric ci rcles around the origin given in the 

previous example. Fix r and an "ini tial  value"  point on the ci rcle of  

radius r, p0 =(x0 ,y0 ). Then: 
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y = r 2 ! x2

dx
d" = ! y = ! r 2 ! x2

" = !
dx

r 2 ! x2# = cos ! 1(xr )+c0
$ x = cos(" ! c0 ) = r cos(c0 )cos " + r sin(c0 )sin "
= x0 cos" + y0 sin "

y = sin(" ! c0 ) = ! x0 sin " + y0 cos "

 

  

 We have derived the classical  equations for rotations in the 

Eucl idean Plane. 

 

Existence and Uniqueness Theorems  
 Classical  existence and uniqueness theorems show that a  system of  

f i rst-order  vector f ield equations wi l l  always have a unique solution 

under very general  condi tions. The fol lowing statement, w i th sl ightly 

modi f ied notation,  is taken f rom a text  avai lable in the Science Library, 

enti tled "Ordinary D i f ferential  Equations", M orris Tenenbaum and 

Harry Pol lard, Harper and Row, 1963, page 764: 

 Let ξ1,ξ2, ...ξn  be functions in a region S surrounding a point (

x1, x2 ,... xn ) of  a mani fold M  which, in  addi tion to being continuous, 

satisfy a Lipschi tz Condi t ion   of  the form:  

ξ1(x1' , ...xn' ) − ξ1(x1'' ,.. .xn'' ) + ξ2 (x1' ,... xn' ) − ξ2(x1'' ,... xn' ' )
+ ξn (x1' , ...xn' ) − ξn (x1'' ,.. .xn'' ) ≤ N{x1' − x1'' + x2' − x2'' +...+ xn' − xn' ' }

 

where N is some upper bound, for al l  points  x' and x'' in S. 

 Then a solution of  this system of  equations exists over in the region 

S and that solution is unique.  
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 These theorems guarantee the existence of  a f low, F, over S, a 

f ibration by integral  curves I  passing through every point p = (x1 , 

x2,...xn)  w i thout intersections between them. Tak ing any point 

x0 = (x1
0,x2

0,...xn0)  as an ini tial  condi tion, the variable  ε  w i l l  

determine parametric equat ions    for the movement of  a point along the 

integral  curve I0 passing through that point. The equation for the f low F 

over S can be wri tten as: 

x =Ψ(ε, x0 )  

 Since "x" is an abbreviation for n distinct variables, so there are n 

distinct functions in the f low. In the example given above, one sees that: 
Ψ(ε,x0) = (ψ1,ψ2) = (x0 cosε + y0 sinε ,y0 cosε − x0 sinε  

 

The Exponential Property 
 

 Ψ  turns out to have a remarkable property which causes i t to 

behave very much l ike an exponential : 

 
 Figure 3 

 In Figure 3, the point x' is obtained f rom x0 by moving the 

parameter an amount ε  . In other words  x'=Ψ( ε  , x0 )  

v

!

x'

x''"
#

I x0
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The point x'' i s l i kewise obtained f rom x' by moving the parameter 

by an amount δ   :  x''=Ψ( ε  , x' ). I t can be shown that in the motion 

f rom x0 to x'', one simply adds the increments ε  + δ .  That is to say: 

 

Theorem: 
 Ψ(ε,Ψ(δ , x0 )) = Ψ(ε + δ, x0 )  

 The composi t ion of increments of a flow along an integral  

curve is equal  to that  obtained through the addi t ion of the 

increments of the parameter.  

 The f low equations therefore behave very much l ike an 

exponential  function. For example, consider the f low: 

Ψ(ε,x0)) = x0eε  

 

I f  x'=x0eε  , then 
! (" ,x' ) = ! (" ,! (#, x' )) = (x0e#)e" = x0e#+"

= ! (# +" , x0 )  

 Obviously, not every function of  the variables ε  , x0 can 

qual i fy as a f low. Structural ly, f lows are characterized by 3 

properties:  

 I.∀xΨ(0,x 0) = x0 . The parameter is set to 0 at the ini tial  

point.  

 II.Ψ(ε,Ψ(δ , x 0 )) =Ψ(ε + δ , x0 )  
The exponential  property 

 

 III.dΨ(ε, x
0 )

dε
= dx dε = ξ (x) The di f ferential  system for a 

vector f ield.  
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Proving the Exponential Property 
 We wi l l  prove the exponential  property for a 1-dimensional  

f low, (along the x-axis). Then we wi l l  indicate two methods by 

which i t can be proven for n-dimensional  f lows.  

 For a 1-dimensional  f low, the vector f ield V is def ined by a 

single equation: 
dx
dε = ξ (x) . Solving for ε  ,  

dε = ξ (x )

ε =
dx
ξ (x)∫ = E(x) +C,

 

where C is a constant of  integration. Since the parameter is set to 0 

at the ini tial  point, one has E(x0 ) + C = 0 , or C = -E (x0 ) 

Therefore: 

ε  = E(x) - E( x0 ) . Solving for x: 

x = E−1(ε + E(x0)) = Ψ(ε,x 0)  

 We take this expression and put i t into the format of  the 

exponential  property: 
Ψ(δ ,Ψ(ε,x0 )) = Ψ(δ, x)
= E−1(δ + E(E−1(ε + E(x0 ))
= E−1((δ + ε ) + E(x0 ))
= Ψ(δ + ε, x0 )

 

 In the general  case of  n-dimensions, a combination of  the 

existence and uniqueness theorems, and the impl ici t function 

theorem at a non-singular point al low one, in some neighborhood 

of  x,  to take one variable, say x1 , and express every other variable 
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in terms of  i t. This reduces the n-dimensional  case to that of  a 

single dimension.  

 The fol lowing proof  is found in "Appl ications of  Lie Groups 

to D i f ferential  Equations" Peter J. Olver, Springer-Verlag, 1986: 

 Let:  
F1(ε ) =Ψ(ε,Ψ(δ, x0 ))
F2 (ε ) = Ψ(ε + δ ,x0 )

 

where δ  and x0 are considered constants.  Then F1(0 ) = F2(0) by 

condi tion I  for a f low.  

 A lso F1' (! ) = F1' (! ) = " (# ($, x0 ))  at the point ε  = 0. 

Therefore, since the solution is unique they must be equal (!) 

 Final ly, here is an example of  a f low which uses no 

exponentials, but which obeys the exponential  property: 

 

 Let Ψ(ε,(x0,y0)) = (
x0

1− εx0
,

y0

1− εx0
)  

Then: 
Ψ(ε,Ψ(δ ,(x0 , y0 )) =
Ψ(ε,( x0

1− δx0
, y0
1− δx0

)

= (

x0
1− δx0

1− ε x0
1− δx0

,

y0
1−δx 0

1− ε x0
1−δx 0

)

= ( x0
1− (δ + ε)x 0

, y0
1− (δ + ε )x0

)

= Ψ(δ + ε, x0 )

 

This f low corresponds to the vector f ield: 
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ξ x = x2 ; ξ y = xy

dy
dx =

ξ y

ξ x
= y x

y = kx

 

where k  is an arbi trary constant. The f low is the penci l  of   straight 

l ines passing through the origin. Observe that one can divide 

through by x in the expression for both components of  the vector 

f ield and obtain the same f low.  
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