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In theliteral sense avector field V over amanifold M is
simply the assignment of avector quantity of the same dimension
asthe manifold to every point of M. Although agradientis, strictly
speaking, a"co-vector" rather than avector, in situationsin which
the transformations of avector space and itsdual coincide, (asis

the case with Euclidean n-spaces), the gradient of afunction of n-
variables, Vf(xl,xz,...xn) = (fxl 7fx2,°"fxn) ,iIsagood

example of avector field in this sense.

Vector Fieldsin Relativity and Dynamical Systems however use
the expression in aspecificway. It isassumed that thisaudience
has afairly good idea of what amanifold is. An n-dimensional
connected manifold M, isatopological space, usually some surface
in a Euclidean space, whose local properties, up to some derivative,
areidentical to those of Euclidean n-space. M ore precisely, one can
cover M with coordinate patchesin such away, that each patch is
diffeomorphicto aregion of n-space. and to each other in the areas
of overlap. Example: the 3-sphereislocally diffeomorphicto the
flat plane, but one hasto cover the sphere with at least 2 coordinate
patches, (say oneincluding the North Pole, the other the South Pole
with overlap at the equator) in setting up coordinates for the entire

surface.
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However it will be quite satisfactory, for the purposes of this
introductory lecture, to take as our manifold any region of n-
dimensional Euclidean space. M ost of our exampleswill go no
further than theflat plane, while there are interesting thingsto be
said even about the 1-dimensional straight line.

For most of the applicationsto physics, one usually requires
that the vector field be differentiable or, as they say , smooth .
However this condition can berelaxed when needed to require that
the field satisfy a Lipschitz condition . Wewill return to this at the
end of thelecture.

Although thereisno apriori reason why avector field should
not betotally random, or densely discontinuous, or even singular
with several vectors emanating from asingle point, the reason one
requiresthefield V to be smooth and non-singular isthat oneis
interested in studying flows , F, which arethe envelopes of vector
fields. A flow isafibration of the manifold M into 1-dimensional
non-intersecting sub-manifolds which do not terminatein
singularities and do not intersect. A singular point of avector field
in thissenseistherefore onethat interferes with the action over a
flow.

Definition: A singular point of avector field V over a
manifold M isone at which, either:

(1) Thefield ismulti-valued, i.e., several vectors
attached to the same point; or

(2) Thefield isdiscontinuous. (or more generally is not
Lipschitz). This meansthat one or more of the equations for the

vector componentsin terms of the coordinates:
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v=(v,... v, )
v, = f(xpeesx,)7=1,2,...n

has a discontinuity at that point. This condition can be weakened
in general when itisrequired only that the directions, (that isto
say the sets of direction cosines), of the vector be continuous, and
not the lengths.

(3) All of the components at a certain point are 0. When
that happensthereisno motion, and no direction in which motion
can take place.

Flows
Theimportant thing to remember isthat the fibration F of M
into flow linesisafunction only of the directions and not of the
lengths of the vectors of avector field. Thisisbest illustrated by an

example:

Figure 1
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Thisdiagram attemptsto capture the notion of the vector field of
the rotation of the plane in a counter-clockwise fashion about the
origin. All of the vectors are, in theory, tangentsto acircle about

the origin:

Figure 2

Observe that thelengths of the tangent vectors do not
influence the pattern of integral curves, that isto say the collection
of circles about the origin. If thelengthsin Figure 1 were doubled,
thecirclesin figure 2would remain unchanged. The example
chosen is particularly simple, but theresult istrue for any vector
field in which the vectors areto be interpreted astangent linesto a
collection of integral curves, or flow.

What then, has happened to the lengths? Are they simply
discarded. Theanswer isno. Aswewill show presently, the
lengths of the vectorsin V measure the "speed" at which a process
or action flows through theintegral curves. A concept of speed
entails a concept of time, and, aswe shall see, avector field actually

"creates" itsown time!
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A Classical Theorem from Differential
Topology
It isnot possible to construct avector field on the sphere
which iscompletely free of singular points. Thisis essentially a

theorem in topology, proven in any text on Differential Topology

Creating Time

By asserting that avector field createsitsown timel do not
want to be charged with adescent into wild metaphysics - not right
away. Once again the situation is best illustrated by restricting
ourselves to vector fields on the plane, or R2.
I

Po

| isan integral curve of the vector field V. ppoisan initial
point
=( X0, Yo) and v avector of V through that point. If the components

of the elements of V are given by pairs of functions
(vi,p) =(E1(x,¥),52(x, ¥))|, then by elementary calculus, the

equation of the curvel isgiven by the differential equation:

d)/dx =%
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combined with theinitial condition po = (X0, yo). If the functions

§1,§2 both be multiplied by the same function f( x1,x2) , thiswill

not affect the value of the derivative above, nor the shape of the
integral curve.
What happensthen, when weintroduce a parameter € that

separates the derivative into two expressions, one for x the other for

y ?.

dxde =S

e =&

Thetwo components of the tangent vector now become

dependent variables on anew parameter introduced indirectly in
the solution of the differential equationsrelating them to the
integral curves! The monotonicincrease of € may be seen asa
kind of flow through "time" over the entire plane. The technique,
which isclosely related to the method of Lagrangian multipliersfor
the solution of equations of motion subject to constraints, isquite
general and can automatically be extended to n dimensions. Indeed
itiscustomary to define avector field as a system of first order
ordinary differential equations, whose derivatives are all with

respect to the variablet, or time:
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dx%t =& (xp5..,X,)
dx%f =&
dx%t _E

For the moment we will continueto usetheletter ¢ so asnotto

confuseit with time.

Anillustrative exampleisin order at this point. Let

&x(x,y) =-y
Eyv(x,y)=x
Z%s =Y
)/ds =2

Multiplying thefirst equation by x, the second by y, we see that

x e +yd%s =0-= %d(xZ +y2)/de

Integrating one has
X2 +y2 =Const=r2

Thisarethe basic vector field equations, in other words, for
thefibration by concentric circles around the origin given in the

previous example. Fix r and an "initial value" point on thecircle of
radiusr, po=(x0,yo). Then:
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y=A~r21 x2
d%,,:!y:! 21 x2
" #—dX = cos! 1()y)+co
2T xe r
B x =cos("! ¢,) =rcos(Cy)cos " +rsin(c,)sin ”
= X, c08" +Y,sin "
y=sin("! ¢,)="! X,sin "+ Y, cos”

We have derived the classical equationsfor rotationsin the

Euclidean Plane.

Existence and Uniqueness Theorems

Classical existence and uniqueness theorems show that a system of
first-order vector field equationswill always have aunique solution
under very general conditions. The following statement, with slightly
modified notation, istaken from atext availablein the Science Library,
entitled "Ordinary Differential Equations", Morris Tenenbaum and

Harry Pollard, Harper and Row, 1963, page 764:
Let 51,52,..-5,1 be functionsin aregion Ssurrounding apoint (

X15X2,...X,[) of amanifold M which, in addition to being continuous,

satisfy a Lipschitz Condition of the form:

€, (s X)) = E (] o) +[E (X X)) = &5 (X X))
+E, (X150 X)) = &, (X)) = NYxy = x|+ |5 = x5 [+ +|x, — %,

where N issome upper bound, for all points x'and x"in S.

Then asolution of this system of equations exists over in the region

S and that solution isunique.
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These theorems guarantee the existence of aflow, F, over S, a
fibration by integral curves| passing through every point p = (x1,

X2,...Xn) Without intersections between them. Taking any point

x0 = (xf,xg,...xg) asan initial condition, the variable € will

determine parametric equations for the movement of apoint along the
integral curve |0 passing through that point. The equation for the flow F

over S can be written as:

x=W(eg, x0)

Since "x" isan abbreviation for n distinct variables, so there aren

distinct functionsin the flow. In the example given above, one sees that:
WY(e,x0) = (1, ¥5) = (x5 COSE + y,SiNe, y, COSE — x5SiN €

The Exponential Property

W turnsout to have aremarkable property which causesit to

behave very much like an exponential:

Figure 3

In Figure 3, the point x' isobtained from x0 by moving the
parameter an amount € . In other words x'=¥(¢ , x0)
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The point x" islikewise obtained from x' by moving the parameter
by an amount § : x"=%¥(¢& ,x ).t can be shown that in the motion

from xOto x", one simply addstheincrementse + 8. That is to say:

Theorem:
WY(e,WP(0,x0))=W(e+0,x9)

The composition of increments of a flow along an integral

curveisequal to that obtained through the addition of the
increments of the parameter.
Theflow equationstherefore behave very much like an

exponential function. For example, consider the flow:

W(e, x0)) = x0¢e

If x'=x0e€ | then
(X =T (L8 (#X) = (0eRe = xoer
=1 (#+",X0)

Obviously, not every function of the variables ¢ , x0 can

qualify asaflow. Structurally, flows are characterized by 3
properties:
I-VX‘P(O,XO) = x0|. The parameter is set to O at theinitial

point.

II.W(e,W(0,x0)=W(e+,x9)

The exponential property

ad¥(e,x0) gy
Code

111 "1 = §(X)[The differential system for a

vector field.
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Proving the Exponential Property
We will prove the exponential property for a 1-dimensional
flow, (along the x-axis). Then we will indicate two methods by
which it can be proven for n-dimensional flows.
For a 1-dimensional flow, the vector field V isdefined by a

single equation:

dxdg = &(x)| Solving for ¢ ,
de = 5(x)

dx
€=[——
E(x)
where Cisaconstant of integration. Since the parameter issetto 0
at theinitial point,onehasE(x0)+ C=0,0r C=-E (x0)

Therefore:

= E(x)+C,

e = E(x) - E(x0) . Solving for x:
X =E1(c + E(x9)) = W(e,x0)

Wetake this expression and put it into the format of the

exponential property:

W5, P(g,%0)) = W(J, X)

= E-1(0 + E(E-1(& + E(X0))
= E-1((0 + &) + E(X0))
=P(4 + ¢, X9)

In the general case of n-dimensions, acombination of the

existence and uniqueness theorems, and theimplicit function

theorem at anon-singular point allow one, in some neighborhood
of X, totake onevariable, say x1, and express every other variable
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in termsof it. Thisreduces the n-dimensional case to that of a
single dimension.
Thefollowing proof isfound in "Applications of Lie Groups
to Differential Equations” Peter J. Olver, Springer-Verlag, 1986:
Let:

F (e) =W(e,W(0,x0))
F,(e)=Y(e+0,X0)

where d and xOare considered constants. Then F1(0) = F2(0) by

condition | for aflow.

Also|Fi (1) =F (1) =" (# ($,x9))|at the point & = 0.

Therefore, since the solution isunique they must be equal (')

Finally, hereis an example of aflow which usesno

exponentials, but which obeys the exponential property:

yO
et [W(e,(X0,y0) = (7= =)
Then:
W(e, ‘P(5 (xo y0)) =
Yo
Y
(e, (1 Ox0 1 - (Sxo)
x0 Yo
— 5x0 — 50
=( 1 (Sio : 1 6§0 )
1-¢ —
1-06x0 1-06x0
=( x0 y() )
1= (5 +&)x0 1-(5 + €)x°
=W +¢&,x0)

Thisflow correspondsto the vector field:
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¥ =x2;8v=xy

d)/dx=§=%

y=kx

where k isan arbitrary constant. The flow isthe pencil of straight
lines passing through the origin. Observe that one can divide
through by xin the expression for both components of the vector

field and obtain the same flow.
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