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Note:

Before delivering this lecture I sent copies around to friends and
colleagues for suggestions. The following is excerpted from the reply
sent by a friend, a physicist living in the neighborhood of Bard College:

“Roy: Excellent exposition of the math.... Alas you have botched
the history,,, Despite your efforts to the contrary, Dirac did visit Bard
(twice)”’..

(Comment: In the late 700 and early 8081 sent letters to sodially
designated distinguished intellectuals, including | saac Bashevis Singer,
Paul Dirac and Steven Smale, encouraging them to turn down invitations
to speak from Bard College because it wasa badplace. My letter may have
had a contributing effect on Bashevis Singer @ decision to turn down the
College@ invitation. I nformants in the Physics Department let me know
that Dirac had taken my letter seriously (We@ met briefly at the Einstein
Centennial Symposum in 1979), and made his own investigation.
Evidently he concluded (correctly) that academic fights of parochial local
yokds were not a strong enough inducement to deprive the entire Hudson
Valley region (that portion of it not banned from the Bard campus), of his
presence and insight.

A similar letter to Leonard Bernstein helped lift his spirits after a
particularly stupid article on him by Leon Botstein appered in Harper 3.

( The tragealy of Leonard Bernstein, May 1983) | knowthis
because he called me up to thank me. )

‘... we had some interesting conversations on the origins of
Spinors and Pauli’s role. His memory of 50-year old events was striking

(as he couldn’t remember lunch) . He put his introduction to Cayley
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elsewhere ( in Engineering School at Bristol) and for other reasons
(pragmatic problem solving —it turns out that Electrical Engineers,
particularly English, actually read Heaviside rather than Gibbs, and
linearizing (diagonalizing) expressions with circuit theory variables
(‘complex impedance’ and such) was standard procedure.)

He slept through Pauli’s lecture at Cambridge — he already had
the spinors in hand.. He didn’t worry about the classical electron radius
—in fact he thought his anti-electrons were protons...

Not to worry. Mathematicians always make up fantasies about
how physicists might have learned from them. Yours is at least
intelligible, though Dirac is a bad target for this self-aggrandizement, as

he was prone to gonzo mathematics.

1. The Dirac equation for the electron. Translating its
symbolism.
The Dirac Equation for the free (in the absence of an external

field) electronis:

id%t =(-ia*V+mpB)y

where
$! .
&I e#)
I'=51
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has 4-components, called spinors, each of which satisfiesthe

equation independently. The notation refers, respecively to

"electron spin up" "electron spin down" "positron spin up" and
"positron spin down".

I isa4-matrix given by

"0 0 1 03
, "0 Id2)3$ g0 0 0 1
" S#Id2) 0 % & 0 0 O
#0 1 0 QY

Is essentially avector whose components are a version of
the 3 Pauli spin matricesin askewed 4th order matrix

representation. Thatis to say:

0 =(0y,0,,03) .
o=(1 ofiez=(7 o)ios=(0 -

are the Pauli spin matrices, and

o = (0,0, 0;)
(0 o)) ..

(04 =\O_i O/,|—l,2,3

These are actually 4-matricesin abbreviated form. Writing

them out explicitly gives:



"0 0 01% "0 0 0 (i% "0
, _¢0 0 1 0., _¢0 0 i 0., _g0
1% 1 0 0'2=% (i 0 0/ R

#.0 0 0& # 0 0 0& #0

These coefficients are elements of whatisknown asa

Clifford Algebra. All of thiswill be explained in due course.
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2.Historical and physical motivations that led
Diracto derive thisequationin 1928

(a) Niels Bohr@ model of the atom

The Bohr model for the atom isafamiliar one. Itisthe
picture of the atom as commonly accepted by the public, with a
host of electrons circling around a central core or nucleus,
consisting of atight conglomerate of protons and neutrons.

This model was excellent for the description and prediction
of atomic spectra, but quickly ran into problems, evenin assimple
amatter asthe calculation of the number of electronsthat can fill
up placesin agiven orbital, or 'sub-orbit' specfied by agiven
guantum number.

It wasthen shown by Wolfgang Pauli, that the Bohr model
placed tight restrictions on the number of electrons that could
occupy agiven orbit. Thisisnow known asthe Pauli Exclusion
Principle and appliesto all fermions.

Although Bohr'stheory required that there be only one
electron per sub-orbit, or orbital, Pauli's calculations showed that
there could be two. Pauli referred to a Ot¢assically non-describable
duplexityO,and it became customary to speak of a "duplexity
paradox".

(b) The hypothesis of a spinning electron as an explanation for
magnetism.

A solution to the duplexity paradox was proposed by the
Dutch physicists Samuel Goudsmit and George Uhlenbeck in 1925.

If the electron were also spinning asit traveled about its orbit, the
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interaction with its electric field would transform it into atiny bar
magnet. Thisintrinsic magnetism would explain duplexity,
because two and only two 'directions' of spin would be allowed, up
and down.

(c)The conclusion that the electron would "t ear itself apart”
through rotation.

It was pointed out that, in order that the electron produce a
magneticfield of therequired strength, it would have to be
spinning at anincredibly high speed. A calculation by Lorentz
placed this speed at 137timesthe speed of light! At such speedsthe
distribution of charge on the electron's surface would fly apart.

Finally there wasa discrepancy in the geomagneticratio, g.
Thisistheratio of acharged particle's magnetism to its angular
velocity of rotation. Classical calculations gave avalue of g =1. The
theory of Goudsmit and Uhlenbeck postulated g = 2

Other contradictory propertiesof the original spin hypothesis
proposed by Goudsmit and Uhlenbeck were discovered by Fermi
and Rasetti

(d) Dirac's electrons as "point particles".

By 1928several equivalent formulations of the principles of
guantum theory had been developed, notably those of Heisenberg,
based on matrices, Schrsdinger based on his wave equation, and
Dirac's transformation theory, based on extending classical
Hamiltonian formalism to the quantum level by exploiting the
analogy between Poisson Brackets {P,Q} and the Heisenberg
commutator operator (P,Q) = P(Q) - Q(P) .
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Dirac's transformation theory requiresthat one treatthe
electron asa point charge, with no volume or thickness. A point
cannot be said to be spinning.

Theimpasse wasresolved first, not by Dirac, but by Oscar
Klein and, independently, Walter Gordon in 1926, through an
elementary extension of the standard transformation scheme of the

Schrsdinger equation by Spedal Relativity.
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3. TheKlein-Gordon equation.

Thereisaformalism for transforming the classical
Hamiltonian into the Schrsdinger wave equation whereby one
replaces observables such asenergy, time, position and
momentum, by operators.

Start withH=K +V

H isthe Hamiltonian, numerically equal to the total energy

K iskinetic energy, V potential. One way of writing the

kineticenergy is K === P® Pwhere p= (mv,,mv,,mv_) is

the momentum. The Hamiltonian Equation becomes
H(=E)=5;p¥p+V

Replace H by its numerical value, E, and treat V asa constant

operator, thatitis say, it multiplieswhatever function is placed in

front of it by itsnumerical value. In everything following we will

make the convenient assumption that c=1, h/2# =1

The replacement schemaiis:

E-i%0/

p—-iV()
V—=Ve()
The"upside down delta" is a standard notation for the gradient.
When applying thisto the Hamiltonian equation, one
translatesthe dot product into composition of operators.

Formally,
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H(! E)=2p¥p+V
#S /%8 (%8&)
= (
=0%R2% +V$

which isthe standard time-dependent Schrsdinger

+V)$

wave equation.

Theintroduction of Spedal Relativity leadsto important
modifications of the observablesof energy and momentum. Its
formalism unitesenergy and momentum in asingle 4-vecor, in
which energy appears at the time-component of the momentum.

This can be notated in various ways. For example:

Q) p#=(E,p), u=0,123
(2)p,pH = E2 - [2
(3)E2 = p2 + rnZ(;4

(1) isthe expression for the 4-momentum asa4 dimensional
vector.

(2) usesthe Einstein convention of summing over the same
repeated letter when it appears asboth upper and lower index.

(3)istherelativistic energy, amore accurate version of E =
mc2. The letter c for the speed of light hasbeen included for clarity.

What Klein and Gordon did was, simply to apply the

transformation schemato equation (3):
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E2 = p2 + m2c

U
i%t(i %t) = iV(=iV)+ e

So= a%tz @=-VZp+ Mg

Once again one setsc =1. The symbol $ is used instead of % merely
to indicate that thisisamodification of the non-relativistic
Schrsdinger equation. Thisisthe Klein-Gordon Equation.

Asafootnote, let me add that thereisatheorem, known as
the Groenwald-van Hove Theorem which shows, by an explicit
calculation, that the "Replacement Scheme" of Quantum
Mechanics, whereby one replaces Observablesand their products
by Operators, breaks down when the order of the products exceeds
2. Thatisto say that even asexpression assimple asthe
commutator of

(Position) 3With (Mo mentum) 3 = [Q3, P3},

yieldstwo different expressions when calculated in two equally
valid ways. In other words, the measurement of Phase Space
volume, which isthe product of P with Q3, liesoutside the
formalism of Quantum Theory. For the details consult page 101,
Sternberg and Guileman "Symplectic Techniquesin PhysicsO,
Cambridge University Press, 1984.
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4. Both Pauli and Dirac derived linearized reductions of the
Klein-Gordon equation. Why was this deemed necessary?

(a) Dirac® transformation theory, based on the analogy of
Poisson Bradkets from Classical Mechanics with Heisenberg®
guantum commutator, only works for linear equations.

(b) Born@ interpretation of the square of the modulus of %as
aprobability, only works for linear equations.

(c) The Klein-Gordon equation has negative energy solutions
for which it givesno explanation. Thiswould not have mattered in
the normal classical situation, in which one discards the solutions
that don®fit. In the quantum situation however, the transitions
from positive to negative energy states are an inevitable

consequence of the probability interpretation of the wave function.
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5. A digression into the theory of quadratic forms.

One of the many ways in which Physicsis distinguished
from Mathematics is that mathematicians since Pythagoras have
been enamored of quadratic expressions, whereasphysicists prefer
linear equations whenever possible. It israreindeedto encounter a
mathematical theory that tackles equations of the third or higher
degrees not to be confused with the number of dimensions, which
can be anything. (Just yesterday | came across a theorem about the
close packing of 24-dimensional spaceby 24-dimensional spheres!
However theequation of an n-sphere isa quadraticforminn
variables.)

A notable exception to this general ruleistherecent proof in
19950f Fermat's Theorem by Andrew Wiles, which usesthe
properties of the cubic polynomial y2 =ax3 +bx +c¢

A homogeneous quadratic form isapolynomial expressionin n

variablesin which each component is of degree 2. For example:

O(x.y.2) = 5x2 + mxz — T xy + y2 + 8,529.122

It iseadly shown that any quadratic form can be converted
into an expression consisting only of squaresof the independent
variablesby alinear transformation, thatisto say, a matrix A. If the
coefficients are real, this matrix substitution can be so chosen that
the coefficients of the new form Q'(x', y', z') will be 1,-1or 0. Thus,

the above form can be reduced to
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O(x.y.z7) =xx2ty2+72

where |®@e not bothered to take the trouble to find out which
combination of plusand minussigns will result.

An important theorem by Sylvester, the "inertiatheorem”, states
that, in whatever fashion thisreduction is made, the difference
between the number of plus signs and the number of minus signs
iIsaninvariant. Thisis an essential feature of General Relativity.
The "signature" of all metricsin the Riemannian spaces of General
Relativity is +---, that isto say inertia = -2.

In physics, which deals with quantities and magnitudes, one
often wants to factor higher order polynomialsinto linear factors.
Lets examine this procedure systematically, starting from 1-variable

expressions.

0 Q(X)=x2.
If xisareal variable, obviously one can factor Q into Q =

g1d2, where q1 = cx, q2= (1/c) x, c being an arbitrary constant.

2  O(x,y)=x2!y2

This also can be factored in an obvious fashion as

Q(X,y) = (X-y)(X+y) =0,
0 =C(X-Y);0 = (X +Y)
The composition of linear operatorsis analogousin many

respectsto ordinary multiplication. Thus, the equation
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g2f(x 1) g2f (x,t)/ _
=" G =0

can be factored into two particular equations

0/ 1Y/ _
!fx,t/x !fx,t/t_O
( %X+ ( %t‘o

to produce a general solution of the form:

z= Al (x+t)+ B/ ,(x" 1)

@)  QXy)=x2+y?

Itisn't possibleto factor this over the field of thereal
numbers. In order to factor such expressions one must extend the
field of real numbers R, to the field of complex numbers C. This
wasfirst donein the 16th century by the genius, doctor, astrologer
and charlatan, Girolamo Cardano. However areal understanding of
how to work with "imaginary" quantities, or complex numbers, did
not emerge until the 18th century.

The 19th century saw the introduction of the ideaof factoring
over afield, or more generally, over some algebraic space, which
means that the factors remain in the same space asthe variables
and functionsin the original expression. Thus, the expression in (3)

can be factored as
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Q(X,y) = X2 +y2 = (X+ly)(X-1ly)

=z¥z*

Z=Cc(X+1y);Z* =c(X-1y)
Observethat the numbers x and y, aswell asthe quadratic form Q
are all in the field of thereal numbers R, but that the "new"
numbers z, and z* are in the "extended field" of the complex
numbers. The constant c may be either real or imaginary.

It also turns out, and thisisnot trivial, thatif xand y are

replaced by complex numbersu and v from C, that Q can still be

factored in the same way:

Q(u,v)=u2 +vz = (Uu+iv)(u! Iiv)= (v+iu)(v! iu)

u=a+ib;v=c+id

U2 =az2! b2+ 2iab;v2=c2! d2 + 2icd

u+iv=(az2! b2! 2cd)+i(2ab+c2! d2)
Thus, thefield "invented" for the factorization of quadratic forms
in two real variablesis "large enough" to permit factorization of
guadratic forms put together from elementsin that extended field.
Complex numbers may have been considered mysterious when
they were first discovered, but they lose much of their air of
mystery when interpreted as matrices, invented by the English
mathematician Cayley. We can represent i by a matrix in many

ways. The simplest way isto write

o #0 lop, #'1 0% .
' $'1 0&° %0 "1&™ ‘2
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where I2istheidentity for the semigroup of 2x2real matrices. The

solutions z and z* of the quadratic form Q can then be written as

_J1 O, 10 1x_! x Vy#
Z=Xg 187V 00 08T "oy x$

zv =1 it
y x$
S =l X YHX Yy I x2+y2 0 #

"W x$'y x$ " O X2 +y2$
= (XZ + y2)|2
Thereason for demonstrating this relationship isto show
how the study of waysto factor quadratic forms eventually became
the search for algebras of matrices, in which these forms could be
interpreted and factored. The next level shows that thisstepis

inevitable.

@  QXY,z)=x2+y2+272

It wasquickly discovered thatit is not possible to factor this
expression over the field of the complex numbers. In fad, it can
only be factored by going to the next level, that is to say quadratic
formsin 4 variables, and setting one of the variablesto 0. In order
to understand how thisisdone, | have to say afew words, briefly,
about the concept of afield. A field is the algebraic generalization
of aspacein which it@ possible to do ordinary arithmetic. Keeping
thisin mind, its axioms are readily described:

A field Fisan algebraic space that is closed under the
operations of addition, multiplication, subtraction and division.
Addition (+) isthe operation of an Abelian group, that isthe say

at+b = b+afor elementsab in F. Mu ltiplication (x) is also agroup
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operation, with the qualification that the identity of addition, that
isto say "0", doesnot have an inverse. Finally, addition and
multiplication are related by the Distributive Law: If a,b and c are

any 3 elements of F, then

a(b+c)=ab+ac

Thereal numbers are afield; the complex numbers are afield.
Thefractions p/g where p and q are integersand q! O, areafield,
Given any non-zero real number & , one can construct afield by
taking all polynomial expressionsin & , together with all ratios,
sums and productions of these polynomialsto make afield which
iswrittenasF(& ) .

Not all fields can be represented by matrices. In fact the
simplest fields, those of the integers modulo p, Zp, wherepisa
prime number, can®be represented by matrices. There also exist
algebraic structureswhich arise naturally, which are not fields, and
which can®be represented by matrices. Octonions are what is
called a Odvision algebraO.In it one can factor quadratic forms of
up to 8 variables. Because its multiplication is non-associative one

can®do much else.

G) O, y,u,v)=x2+y2 +u? +v2

The search for afield over which this quadratic form can be
factored wasundertaken by William Rowan Hamilton, the same
person after whom the "Hamiltonian" is named. He discovered a

field H, the quaternions , over which it can be factored, provided
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that the variablesare all real and the inertiais 4 (that is to say all
components are positive). It was considered quite an innovation
that the multiplication in thisfield is non-commutative. Nowadays
it is generally understood that matrix multiplication need not be
commutative.

It hasbeen proven that the only continuousfields that can be
represented by familiesof matriceswith real numbers asentries
are R, C, and H, that isto say, the reals, the complex numbers and
the quaternions.

A quaternion isalinear expression involving one real
variable and 3 "square roots" of minus 1,i,j,and k. If gisan

element of H it may be written as:
q=Xx+1y+ ju+kv
The product rulesfor i, j and k are:

i2:j2:k2:_1

ii=k=—ji
jk =i=—kj
ki =j=—ik

Once again, these rulesare easly understood when quaternions are
represented as matrices.

The sums, products, ratios, etc. of 1,1, j, and k, with
coefficientsin the real numbers, generate thefield H. The

expression (5) may be factored over H as:
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O(x,y,u,v) =x2+y2+u2 +v2
=(x+iy+tju+kv)(x! iyl ju! kv)

=qq9*
x+iy+ ju+kv
xViy! ju! kv

x2 +ixy + jxu +kxv
Vixy+y2 1 jiyu! kiyv
U jxu ! ijyu+u?! kjuv
L kxv ikyv ! jkuv +v2
:x2 +y2 +u2 +v2'
In this calculation it is assumed that all of the variablesare
real. It will be important when we cometo the Dirac Equation to

observe that this method doesn't work for the quadratic form:

6) QX Y,UuV)=XZ+y2+u2!l v2 i
Why isthat so? Oneistempted to rewrite -v2 as+(iv)2, then
use the factorization over the quaternion field described above.
The problem with thisisthat the"i" in expression (6) is not the

same"i" astheonethat appearsin thetable of quaternions. Indeed,
thisisamisnomer, and the quaternion "i" really ought to be
replaced by another letter such ash . I've kept the standard
notation only because of the difficultiesinvolved in resisting
tradition.

Exercise: Try substituting X, y, u and iv into the factorization

gg* and seewhat happens.
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6. Dirac@ factoring of the Klein-Gordon Equation

The Klein-Gordon Equation is a second order linear operator
equation, of type (6). It cannot be factored over the field of the
guaternions. However it can be factored over aweaker algebraic
space known asaClifford algebra, invented by the English
mathematician William Clifford and discovered independently by
Paul Diracin the 19205. It is somewhat remarkable that all of the
techniquesinvolved in this subject were discovered or developed
by English mathematicians or mathematical physicists: Cayley,
Sylvester, Clifford, Hamilton and Dirac. The legend that Diracre-
discovered Clifford algebrasby staring into afireplace over agood
dinner at an English pub may well be true, but it@ clear that the
context had prepared the way for him.

Hereis aquote from OThe Rainbow of MathematicsOby the
historian of mathematics, Ivor Grattan-Guinness, 1997:

OBpedially from the late 18806 Heaviside revived the
English liking for operator methods.O

Let® re-examine the Klein-Gordon Equation:

I2”
" — 2” 2”
/ﬂ #2" $m

/2 /2 /2 " "
= ( 4x2+ /y2+ 4z2) $m?

Expressed in apure operator form, without the Schrsdinger
wave equation, and repladng the missing "c" for clarity, this

becomes:
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I2 ] |
Y=

12 /2 /2
_'/x2+'/y2+'%zz#c4m2

which is clearly of type (6). Since Dirac wanted alinear equation,
he dedded to start with alinear form of unknown coefficients,
compose it with itself once, identify coefficients on both sides of
the equation, and seeif what he came up with made any sense!
Thank goodness Diracwasnot trained asa mathematician. By
stumbling around in areasin which mathematicians knew how to
go about doing things, he walked into paradisesthey might never
have visited!

Thus, Diracbegins with an abstract form to which he will

later try to ascribe some meaning:

19V~ (i sV + mB)y
Thesymbols™ and! for the moment are meaningless letters,
although " isgoingto be a"vector" of somekind=("1, "2, " 3),

and ! will be a"scalarO,so-called. Iterating both sides, one gets

| %t(i %t) -~ a%tz

(Cia ¥V + mB)(=ia ¥V +mp)

The calculation on theright side is somewhat involved, but

can be reduced to:
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3 3
:| 112$2 ' n.n.+n.n_ $2
L e O s
| ﬁ(" 9%+ 96 )y + 982
im i 0 j
1 $Xi

Comparing thiswith the Klein-Gordon equation one seesthat
the following relations have to hold between the alpha- and beta-

coefficients:

These are the defining relations for the matricesof Dirac's
Clifford Algebra. By comparing them to the quaternionswe will
seethat they bear a close resemblance but aren't the same. The
relationship between them can be seen by looking at the way they
relate to the Pauli matrices, which arise from Pauli's very different,
yet equally ingenious linear reduction of the Klein-Gordon
Equation. Pauli's technical feat leads to the two-component spinors
for describing particlesof spin O, while Dirac's factorization leads
to the 4-components spinors used in the description of spin 1/2

particles. Write the Pauli matricesas:
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, "0 1%, _"0 &g, _"1 0%
TITHL 0% 2TH 0% 2T HO &1Y

Sincei isitself amatrix, one can expand these into 4th order

matrices as

O 0 01

g _/O 0 1 O\

1_LO 1 0 OJ
1 0 0 O
(0 0 0 1

g = O 0 -1 0

2_[0 -1 O OJ
1 0 0 O
/(1 0 0 0)

S = O1 0 O

3_LO 0O -1 OJ
0O 0 -

The quaternions are related to the Pauli matricesby asimple

product

qk = iO’k;k=1,2,3

ar=il? 3-8
wrreil? 9)-(3 8
wwreiy 3)-(5 9

One seeshow the use of the same letter "i" causes confusion. The
matrix g3is quite different from the matrix for the square root of

minus 1. Indeed the latter isincluded in the former!
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In the 4th order representation, these become

"0 0 0 !l
0 0 1 O
Q=% 11 0 O
#1 0 0 0&
"0 0 1 09
0 0 0 1
©=%1 10 0 0
#0 11 0 O0&
"0 11 0 Oy
1 0 0 O
S=% o0 0 1
#0 0 !1 0&

We now compare these with the Clifford Algebra matricesthat

appearin the Dirac Equation.

0 o
al:(‘jl %)

0 o
azz(az %)

0 o3
a3:(03 %>

5=(0 1
, O
The' @ of course are the Pauli matrices. As these expressions

are abbreviations for 4 matrices. they can be also written as:
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(0 0 0 1
10010
al‘[OlOOJ
1 0 00
0 0 0 -i
_(OOiO\
O‘Z-Lo-iooJ
i -0 0 0
0 01 O
_(ooo-\
O‘s—tloooj
0 -1 0 O
(0 0 1 0
10 0 0 1
ﬁ—LloooJ
0100

The Clifford matricesdo not generate afield. In fad, if one
takesall productions and sums, with real number coefficients. of
the Clifford matrices, one finds non-invertible, or singular
matrices, and "divisors of 00 that is to say non-zero matriceswhich,
when multiplied, give the O-matrix asa product. This weaker
structureiswhat isknown asan "algebra", and it is not always
possible to represent them with matrices. A recent example are the
so-called "g-matrices' or "Quantum Deformed Matrices" which
have become a growing field of mathematics, bringing together

ideasfrom Quantum Field Theory and Knot Theory.
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7. Consequences of the Dirac equation for physics. .

(1) Spinors and the Spinor Calculus. Pauli® method for
factoring the Klein-Gordon equation led him to the discovery of 2-
component spinors. Dirac carried this further with the discovery of
4-component spinors. A mathematical theory wasdeveloped by
Elie Cartan in which spinors can have any even number of
components.

(2) Anti-matter. Dirac@ original interpretation of the
negative energy states posited a negative-energy field that filled all
of space, with the exception of OlplesOinto which an electron could
spontaneously vanish. Feynman proposed the existence of the
positron which wasdiscovered by Anderson in 1932

(3)The probability current expression derived from Dirac(8
equation describesthe behavior of particlesof spin " .

(4)Quantum Field Theory , the many particle treatment of
guantum theory which quantizesfields aswell as observables,
comesnaturally out of theinterpretation of Fermi- Dirac statistics,
which areinherent in the Diracequation.
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